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1 Introduction 

The property of a differential operator on a smooth manifold M to be invariant with 
respect to an action of some group G (especially a Lie group) on M plays a great role 
in mathematical physics since it helps select physically significant operators. The algebra 
Diff(M) of all G-invariant differential operators with complex or real coefficients on M 
gives the material for constructing G-invariant physical theories on AI. Properties of such 
theory are in close connection with properties of the algebra Diff (Af). 

A homogeneous smooth manifold M of the Lie group G is called commutative space, 
if the algebra Diff (Af ) is commutative. The well known example of a commutative space 
is the symmetric space of the rank I. Recall that the rank of a symmetric space is the 
dimension of its maximal flat completely geodesic submanifold. The commutative algebra 
Diff(M) for this space is generated by I independent commutative generators 1 . Particu- 
larly, for symmetric spaces of the rank one (which are the same as two-point homogeneous 
spaces) the algebra Diff (Af) is generated by the Laplace-Beltrami operator. Also, the class 
of commutative spaces contains weakly symmetric spaces |2j . 

There are known only some sporadic examples of noncommutative algebras Diff(Af) 
(see, for example Ch.2, |3). One of these example is the noncommutative algebra Diff (Afi) 
for Ml — Oo(l, n)/SO{n — 1) studied in 0], where Oo(l, n) is the identity component for 
the group 0(1, n). In that paper the space Afi was interpreted as the total space for the 
bundles of unit spheres over the hyperbolic space H" (K) . Denote the total space of the 
bundle of unit spheres over a Riemannian space M by Ms- 

The space H" (M) is a representative of the class of two-point homogeneous Riemannian 
spaces (TPHRS) for which any pair of points can be transformed by means of appropriate 
isometry to any other pair of points with the same distance between them. Equivalently, 
these spaces are characterized by the property that the natural action of the isometry 
group on the bundle of unit spheres over them are transitive. Thus the natural problem 
arises: "describe the algebras Diff(Afs) for the bundle of unit spheres over all TPHRS M" . 

From the point of view of the two-body problem in classical and quantum mechanics, 
TPHRS are characterizes by the property that the distance between particles is the only 
invariant of the isometry group G in the configuration space. The space Ms is isomorphic 
to an orbit in general position for the symmetry group G of the two-body problem on 
the TPHRS M acting in the configuration space of this problem. Due to the two-point 
homogeneity of M the codimension of these orbits is one. Thus, for the two-body problem 
in TPHRS there is the degree of freedom corresponding to the distance between particles; 
other degrees of freedom correspond to the homogeneous manifold and can be described 
in terms of the symmetry group G. 

In the paper the polynomial expression for the Hamiltonian H of the quantum 
mechanical two-body problem on an arbitrary TPHRS M was found through the radial 
differential operator and elements of Diff(Afs). In the present paper the generators of 
algebras Diff (Afg) and the corresponding relations for them are found for all curved two- 
point homogeneous spaces AI. Some properties of these generators are discussed. 

This paper is organized as follows. In section El we perform the necessary information 
on invariant differential operators on homogeneous spaces. We recall the classification 
of TPHRS in section |2| In section ^ we specify the construction of invariant differential 
operators for the space Ms, where A^f is a two-point homogeneous Riemannian space. 
There are found some generators common for all Diff (Afg). In section[Slthe model of the 
quaternion projective space P"(]HI) is described. In sectionlHlthe generators for the algebra 
Diff(P"(H)s) are calculated and by the formal correspondence the analogous generators 
of the algebra Diff (H"(]HI)s) is obtained. The corresponding relations for these algebras 
are found in section In section |S| we consider from the same point of view algebras 
Diff(P"(C)s), Difr(H"(C)s) and in section the algebras Diff (P"(M)s), Difr(Sg). In the 
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sectionlTUlthere is a description of the Cayley plane P^(Ca) through the exceptional Jordan 
algebra f)3(Ca). In section^Jthe generators for the algebra Diff(P^(Ca)s) are calculated 
and by the formal correspondence the analogous generators of the algebra Diff (H^(Ca)§) 
is obtained. The corresponding relations for these algebras are found in section IT^ 

The connection of constructed generators with two-body problem on two-point homo- 
geneous spaces is discussed in section [T^ 

In appendix A we describe the technique for calculating the commutative relations for 
algebras of differential operators under consideration and in appendix B one interesting 
fact for an arbitrary TPHRS is proved. 

2 Invariant differential operators on homogeneous spaces 

Let G be a Lie group, M be a Riemannian G-homogeneous left space, xq ^ M, K C G he 
the stationary subgroup of the point Xq & M, and t C g = T^G be the corresponding Lie 
algebras. Choose a subspace p C g such that g = p © 6 (a direct sum of linear spaces). 
The space p can be identified with the tangent space T^gM. 

The stationary subgroup K is compact, since it is also the subgroup of the group 
SO(?T.). By the averaging on the group K we can define a Ad/f -invariant scalar product 
(•, •) on Q and choose the subspace p orthogonal to 6 with respect to this product 0, [H]- 
In this case we have the inclusion Adx(p) C p, i.e. the space M is reductive. 

Identify the space M with the factor space of left conjugate classes of the group G with 
respect to the subgroup K. Let n : G ^ G/K he the natural projection. 

Let S{V) he a graded symmetric algebra over a finite dimensional complex space V, 
i.e. a free commutative algebra over the field C, generated by elements of any basis of V. 
The adjoint action of the group G on g can be naturally extended to the action of G on 
the algebra S{q) according to the formula: 

Ad, : Yi • . . . • ^ Ad,(yi) • . . . • Ad,(r,), Fi, . . . , e 0. 

Denote by the set of all Ad-invariants in 5(g). 

The main result of the invariant differential operators theory is the existence of the one 
to one correspondence between the algebra Diff(M) and the set p^ of all Ad^f-invariants 
in S{p) 0. For our purpose the next version of this result is more convenient. Let 
[/(g) be the universal enveloping algebra with the standard filtration for the Lie algebra 
g and U{g)^ he it's subalgebra, consisting of all Ad/f-invariant elements in U{g). Let /i 
be the linear mapping of S{p) into C/(g), according to the formula 

KYi-...-Y,)^^ y.(i)-...-y.(p), 

where on the left side the element Yi • . . . • is supposed to be in S{p) and on the right side 
it is supposed to be in C/(g). Here 6p is the permutation group of p elements. Obviously, 
II is injective. 

Let C/(g)t be the left ideal in {/(g) generated by i and (C/(g)J)^ be the set of all Adx- 
invariant elements in [/(g)fi. The set ([/(g)J)^ is a two-sided ideal in C/(g)^ since for 
elements f e t and g e U{q)^ we have fg = ad/ 5 + gf = gf. Also /i(P^) ^ ^(fl)^j 
because M is reductive. Hence we can define the factor algebra [/(g)^/([/(g)t)^. Let 
r] : U{g)^ — > C/(g)^/([/(g)t)^ be the canonical projection. 

Theorem 1 ([2j). The algebras Diff(Af) and [/(g)^/(C/(g)t)^ are isomorphic. 

Every element of C/(g)^/(C/(g)t)^ has the unique representative from p^ or equiv- 
alently from /z(p^). We can get the relations in Diff(M) operating in t/(g)^ modulo 
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{U{g)i)^ . This approach leads to simpler calculations than the operations through lo- 
cal coordinates on M (like in ^) that gives quite cumbersome calculations even in the 
relatively simple case of M = H"(IR)s. 

Below we are interested in the representation of the associative algebra Diff (A/) by it's 
generators and corresponding relations. Let {gi} be a set of generators of the commutative 
subalgebra C S{p). Not loosing generahty we can suppose that all gi are homogeneous 
elements w.r.t. the grading of S{p). Then the elements rj o fx{gi) generate the algebra 
Diff(M). 

Relations for the elements rj o ^{gi) are of two types. First type consists of relations 
induced by relations in U{q). Due to the universality of U{q) all these relation are commu- 
tative ones, induced by the Lie operation in g. They are reduced to commutative relations 
of the simplest form: [Di,D2\ = D, where the operators Di,D2 S Diff(Af) have degrees 
nil and m2 respectively and the degree oi D € Diff(M) is less or equal rrii + TO2 — 1. 

Suppose now that there is a relation in U{g) of the form: 

or equivalently 

P(M(5i),...,M(5fe))=^, (1) 

where P is a polynomial and D G {U{g)i)^ . Using the commutative relations for n(gi), i — 
l,...,k we can reduce the polynomial P to the polynomial Pi, symmetric w.r.t. all 
permutations of it's arguments, and equation Q| becomes: 

Pi(Ai(5i),...,M(5fe))-^*, (2) 

D* e (C/(g)t)^. After this reduction the relation Q may be trivial: Pi = 0, £>* = 0. 
It means that is the commutative relation. Suppose that relation |(5J is nontrivial. 
Consider the sum P2(^i, • ■ ■ ,tk) of monomials with the highest total degree from poly- 
nomial Pi(<i, . . . , <fc) with commutative variables ii, . . . , i^. Due to the symmetry of Pi 
the polynomial P2(ti, . . . , tfe) is nontrivial. On the other hand from (O we obtain that 
P2(gi, . . . ,gk) = due to the expansion q — p (B t. Thus every relation in the algebra 
U{g)^ /{U{g)t)^ w.r.t. it's generators rj o fi{gi), ... ,77 o ^{gk) modulo commutative re- 
lations is in one to one correspondence with the relations for homogeneous generators 
gi,. . . ,gk of commutative algebra p^ . We call such relations the relations of the second 
type. 

The filtration of the algebra U{g) induces the filtration of the algebra Diff(M) which 
coincides with the natural filtration of Diff(Af ) as the algebra of differential operators. 

For simplicity throughout the whole paper we consider invariance of differential oper- 
ators only w.r.t. the identity component of a whole isometry group. 

3 Two-point homogeneous Riemannian spaces 

The classification of two-point homogeneous Riemannian spaces can been found in |Zj , |H] , 
(see also [Hj, COj, and is as follows: 

1. the Euclidean space E"; 

2. the sphere S"; 

3. the real projective space P"(IR); 

4. the complex projective space P"(C); 

5. the quaternion projective space P"(EI); 
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6. the Cayley projective plane P^(Ca); 

7. the real hyperbolic space (Lobachevski space) H"(M); 

8. the complex hyperbolic space H"(C); 

9. the quaternion hyperbolic space H"(H); 

10. the Cayley hyperbolic plane H^(Ca). 

The isometry groups for all these spaces except Cayley planes are classical and for the 
Cayley planes they are two real forms of the complex special simple group F4. 

For the Lie algebra g of the isometry group of the compact two-point homogeneous 
space M there is the following general expansion which is the specification of 

the expansion g = p ® 6 from section El 

Proposition 1. The algebra g admits the following expansion into the direct sum of 
subspaces: 

= a©to ® 6a ® ® Pa ©p2A, (3) 

where dimo = 1, A is a nontrivial linear form on the space a, dim 6a = dimp^ = qi, 
dime2A = dimp2A = (?2; P = a©pA©p2A; 6 = io®'i\®h\; qi,q2 S {0}UN, the subalgehra 
a is the maximal commutative subalgebra in the subspace p. Here t is a stationary subal- 
gebra, corresponding to some point xq G M. All summands in ^ are adtg -invariant; in 
particular 60 o subalgebra oft. 

Identified the space p with the space T^^M . Under this identification the restriction of 
the Killing form for the algebra g onto the space p and the scalar product on T^^M are 
proportional. In particular, the decomposition g = p©6 is uniquely determined by the point 
Xq. Let (■, •) be a scalar product on the algebra g .such that it is proportional to the Killing 
form and its restriction onto the subspace p = T^gM coincides with the Riemannian metric 
g on T^gM . The spaces a, to, t\, pA, 62A, p2A are pairwise orthogonal. 

Besides, the following inclusions are valid: 

[a,pA]ctA, [a,tA]cpA, [a,p2A]ct2A, [a,t2A]cp2A, [a,eo]=0, [tA,pA] C p2Affia, 

[Ja, ix] C t2X © to, [pA, Pa] C t2X © «0, [e2A, e2A] C to, [p2A, P2a] C to, [t2X, p2x] C O, 

[ix,hx] C tx, [tx,p2x] C Pa, [px,hx] C pA, [Pa,P2a] C ^a- (4) 

Moreover, for any basis e\,i, i ~ 1, . . . ,qi in the space p\ and any basis e2X.i, i = 1, ■ • ■ , 92 
in the space p2X there are the basis fx,i, i — 1, . . . , qi in the space t\ and the basis f2X.j, j — 
1, . . . ,q2 in the space 62 A such that: 

[A,ex.i] = -^fx.i, [A, /A,i] = ^ex.i, [eA,i,/A,-t] = -^A, 
{ex,i,exj) = {fx,ijxj) = SijR^, i,j = 1,.. .,qi, 

[A, e2A,i] = -/2A,i, [A, /2A,i] = e2A,i, [e2A,i, /2A,i] = "A, (5) 

{e2X,z,e2Xj) = {f2X,z, f2X,j) = S^jR^, j = 1, . . . , 92, (A,A) = i?2, 

where the vector Ago satisfies the conditions (A, A) = R^, I-^IA)] = — . Here the positive 

constant R is connected with the maximal sectional curvature >^m of the space M by the 
formula — R~^ . 

Nonnegative integers qi and (72 are said to be multiplicities of the space M. They 
characterize M uniquely up to the exchange S" ^ P"(R). For the spaces S" and P"(IR) 
we have qi = 0, q2 = n — 1; for the space P"(C) : gi = 2n — 2, 32 = 1; for the space 
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P"(H) : qi = 4n — 4, q2 = 3; and for the space P^(Ca) : (?i = 8, (72 = 7. Conversely, for 
the spaces S" and P"(M) we could reckon that qi = n—l,q2 = 0. Our choice corresponds 
to the isometrics pi(C) ^ S^, pi(H) ^ S*. 

Remark 1. Noncompact two-point homogeneous spaces of types 7,8,9,10 are analogous to 
the compact two-point homogeneous spaces oj types 2,4,5,6, respectively. In particular, it 
means that Lie algebras g of symmetry groups of analogous spaces are different real forms 
of a simple complex Lie algebra. The transition from one such real form to another can 
be done by multiplying the subspace p from the decomposition g = t(Bp by the imaginary 
unit i (or by — i ). 

The information concerning the representation theory of symmetry groups of two-point 
homogeneous spaces can be found in |14| . 

4 Invariant differential operators on Mg 

Here we shall specify the construction from section |21 for the space Mg, where M is a 
two-point homogeneous compact Riemannian space, using Proposition^ 

Let G be the identity component of the isometry group for M and K be its stationary 
subgroup, corresponding to the point a;o € M. The group G naturally acts on the space 
Afs and this action is transitive 10 (lemma 8.12.1). In particular K acts transitively 
on the unit sphere Sx„ C Tx„M. Identify the space p from Proposition ^ with the space 
TxgM. After this identification the action of K on T^^M becomes the adjoint action 
Adif on p. Let Kq be the subgroup of K, corresponding to the subalgebra to C Due 
to relations Kq is the stationary subgroup of the group G, corresponding to the 

point^ y (xq. A') G Mg, where A' := —A. 

Let p := a©pA ® p2A ® ®h\- Since [to,p] C p the expansion g = p ©60 is reductive. 
One has TyMg = T^^M © T^'Sxa- Due to Proposition [H we obtain A'± (px ®p2\) and 
[fx.i,A'] = -(2i?)-ieA,^, i = l,...,gi, [/2Aj,A'] = -R-^e2x.j, j = 1,...,92- Therefore 
the space 6a © 62 a is identified through the if-action on T^gM with the space T\iSxa ^-^^d 
the i<ro-action on the space TyMs ~ p = a © pA © p2A © t a © is again adjoint. 

From Proposition^we see that Ad^o conserves all summand in the last expansion. On 
the other hand the ATo-action on Ta'Skq is tii6 differential of ATo-action on (A')^ C T^gM. 
Since the last action is linear we obtain that the Ad^g-action in pA is equivalent to it's 
action in ix and the Adifp-action in p2A is equivalent to it's action in £2A- Let x\ ■ i\ ^ 
Pa, X2A : t2A p2A be isomorphisms of linear spaces such that Ad_R-o|p^oxA = XAoAd_R-o|(^ 
and Adifjp^^ o x2A = X2A o Ad^Jj^^. 

After the substitution p ^ p, t ^ to we can apply the construction from section |21 
for calculating generators and relations for the algebra Diff(Ms). Let gi are independent 
invariants of the AdifQ-action in p. Then elements 77 o fi{gi) generate the algebra Diff (Mg). 

There are some obvious invariants of the Adj^p -action in p. First of all it is A e a, 
since [to, a] = 0. Secondly the Adifg-action is isometric w.r.t. the Killing form which is 
proportional to the scalar product (•,•), so the Adi<-„ -action conserves the restrictions of 
(•, •) onto spaces pA, p2A, ^a, hx- Thirdly the Adi^-Q-action conserves functions 
(XA^i,>i), Xi G tx, Yi e Pa and (x2A^2,>2), ^2 G e2A, >2 G p2A. 

Let define xx and X2A by 

XxX ^ 2[A, X], X e tx, X2xY = [A,Y], Y e hx- (6) 

It is obvious that xx ■ ix ^ Px and X2A : t2A ^ p2X are bijections. For any k G Kq it holds 
Adfe A = A since [io,a] = 0, therefore from ^ we obtain: Ad^^ oxa-'^ = 2[A, Ad^AT] = 

^By (a, . . . , cj) we denote the set of objects a, . . . 
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X\ o Adfe X,X etx and Ad^ ox2xY = [A, Adfe Y] = X2\ o Ad^ Y, Y e 62 a- It is clear that 
Xxh,i = i = l,...,qi and X2a/2Aj = e2Aj, j = 1, . . . , 92- 
The bases 111 1 

{^^A,i}i=lJ {^/A,i}i=l' {^S2A,j}j=i, {^/2A,j}J=i 

respectively in spaces Pa, ^a, p2A, fi2A are orthonormal, so one has the following generators 
of Diff(Ms): 

Do = vW, ^1 = ' ^2 = ||f] ' ^3 = (^^ £{eA.., /a,.} j , 

^4 = ^ el,,}j ,D,=v /2\,, j ' ^6 = ^7 £{e2A,„ /2A,,} j , (7) 

where {•, •} means anticommutator. For brevity wee shall omit the symbol 77 below. From 
Q one easily obtains: 

[Do,Di] = -Ds, [Do,D2] = D3, [Do,D3] = ipi - D2), 

[Do, Di] = -2De, [Do, D5] = 2De, [Do, Dq] = D^ - D5. 

In order to find full system of invariants and relations in Diff (Mg) we need more detailed 
information about the Adif(,-action in p and commutators in q. This information will be 
extracted in the following sections from the models of two-point homogeneous compact 
Riemannian spaces. 

It is easily seen that every automorphism of Lie algebra q, conserving its subalgebra 
60, generates an automorphism of Diff(Afs). From relations Q one obtains that the map 
T : 0^0, cr|j = id, (t|p = — id is the automorphism of g. It generates the automorphism 
of Diff(Ms): Do ^ -Do, Di ^ D,, D2 ^ D2, D3 ^ -D3, D4 ^ D4, D5 ^ i^s, De ^ 
—Dq. We shall denote it by the same symbol a. 

Another obvious automorphism is the one parametric group Cq of internal automor- 
phisms, generated by the adA-action. From (jsj one obtains: 

Ca(A) A, Ca(eA,i) = cos(Q;/2)eA,i - sin(a/2)/A,i, 
Ca(/A,i) = sin(a/2)eA,i + cos(a/2)/A^j, i = 1, . . . 
Ca(e2A,j) = cos(a)e2Aj - sin(a)/2A,j, Caif2\,t) = sin(a)e2A,i + cos(Q;)/2A,i, j = 1, ... ,92- 

Therefore 

UDo) - Do, CM) = cos2(a/2)i5i + sm\a/2)D2 - sin(a)D3, 
CM) = sin2(a/2)i?i + cos^{a/2)D2 + sin aDs, 

CMs) ^ i sin(a)(i:ii - D2) + cos{a)D3, 
CaiD^) = cos^(a)£>4 + sin^(a)D5 - sin(2a)D6, 
Ca{D5) = sm'^{a)D4 + cos^(a)D5 + sin(2a)L'6, 

Ca{De) = i sin(2a)(i?4 - ^5) + cos(2a)Z?6. 

In particular CADi) = D2, CM) = Di, CAD3) = -D3, CM) = D^, i = 0,4,5,6. 
Proposition pimply that the base 

-^^1 -B'^\,ii -BJ\,i^ -B<^2\.j, -sJ2X,j, i = t, . . . — 1, . . . ,52 

it it it it it 
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in the space p is orthonormal, therefore the operator D* = + Di + D2 + D4 + D5 
corresponds to the Casimir operator in U{g) VT. (lecture 18). It means that D* lies in 
the centre of the algebra DifF(M§). 

Let TTi : Ms ^ M be the canonical projection and tti is the map of a function / on 
M to the function / o tti on Afg. Due to the identification p ~ T^^M it is clear that the 
operator {Dq + Di + D2) o tti is the Laplace-Beltrami operator on M. 



5 The model for the space P"(IHI) 

Let H be the quaternion algebra over the field K with the base 1, i, j, k, where ij = — ji = 
k, jk = — kj = i, ki = — ik ~ j. The conjugation acts as follows: x + yi + zj + fk = 
X — yi — zj — tk, X, y,z,t G K. 

Let H""'"-'^ be the right quaternion space and (zi, . . . , Zn+i) be coordinates on it. Let 
P"(IHI) be a factor space of the space E["+^\{0} with respect to the right action of the 
multiplicative group H* = IHI\{0}. The set (zi : . . . : Zn+i) up to the multiplication from 
the right by an arbitrary element from the group H* is the set of homogeneous coordinates 
for the element^ 7r(z) on the space P"(H), where n : H"+i\{0} P"(H) is the canonical 

n+l 

projection. Let (x,y) := J2 ^iV^^ ^ = (^^i; • ■ -iXn+i), y = [yi, ■ ■ -^yn+i) e IHI"+^ be the 

'i=i 

standard scalar product in the space H"+i. Let z e H"+i\{0}, G TJ&''+'^, d = 7r*^i G 
T^(z) (P"(]HI)) , i = 1, 2. A metric on the space P"(H) 

5|z(Ci,C2) = ((Ci,6>(z,z) - (ei,z)(z,6))/(z,z)2, (8) 

is the analog for the metric with a constant sectional curvature on the space P"(]R) and 
the metric with a constant holomorphic sectional curvature on the space P"(C). The real 
part of the metric (|H1) is a Riemannian metric on the space P"(IH[): 

5 = 4i?2Reg. (9) 

The normalizing factor in is chosen due to the following reasons. The space P^(IHI) 
with this metric is the sphere with the standard metric of the constant sectional curva- 
ture R^^ . To see this we can consider a homeomorphism v : P^(]HI) ^ H = S^, 22) = 
zi {Z2) = z G H, where H is the quaternion space completed with the point at infinity. 
For n = \ the formula © has the form 



^ ^{dzidzi + dz2dz2){\zi\^ + |z2p) - {dzi ■ zi + dz2 ■ Z2){zidzi + Z2dz2) 

f""*^ 71 — — ■ ^^^> 



Using the formula \z2^dz\ — z\Z2dz2 — \z2^{dz~)z2 by direct calculations we can reduce 
the expression H10|l to the form: 

A,¥l?dzdz 

which is the metric with the constant sectional curvature R^^ on the sphere S"*. 

The left action of the group U]i(n + 1), consisting of quaternion matrices A of the size 
(n + 1) X (n + 1) such that A^ A = conserves the scalar product (•, •) in the space 
11"+-'^, dimR UH(n+ 1) = (2n-|-3)(n-|- 1). If we write every quaternion coordinates in H"+-'^ 
as a pair of complex numbers, then the group UH(n + 1) becomes the symplectic group 

Sp(71+ 1). 

Left and right multiplications always commute, so the left action of the group U]i(rt-|-1) 
is correctly defined also on the space P"(H). Obviously, it is transitive and conserves 

^To distinguish the point x £ M from their coordinates we shall single out it by the bold type 
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the metric g. The stationary subgroup of the point from the space P"(H) with the 
homogeneous coordinates (1, 0, . . . , 0) is the group Vwin) Uh(1), where the group Uh(".) 
acts onto the last n coordinates, and the group Uh(1) acts by the left muhiphcation of all 
homogeneous coordinates by quaternions with the unit norm. All stationary subgroups on 
a homogeneous space are conjugated and hence isomorphic. Therefore P"(H) = Vmin + 
l)/(UH(n) Uh(1)). 

The Lie algebra Umin+l) consist of quaternion matrices A of the size (n + 1) x (ri + 1) 
such that = —A. Let Ekj be the matrix of the size (n + 1) x (n + 1) with the unique 
nonzero element equals 1, locating at the intersection of the fc-th row and the j-th column. 
Choose the base for the algebra Uh(?t- + 1) as: 

*fcj = \{Ekj - Ejk), 1 fc < j ^ n + 1, Tfe, = ^{Ekj + Ejk), 
^kj = ^{Ekj + Ejk), e>kj = ^{Ekj + Ejk), + (11) 

The commutative relations for these elements are: 

, *m;] = 2 i^jm'^kl - 4m*j7 + Skl'^jrn - Sjl'^km) , 

T™,] = \ {Sj^^Tkl - SkrnTj, + S,jTk„r - S^kT j^) , 

[Tfcj, T™;] = - ((5jm*ifc + Skm^lj + Skl'^rn] + 5]l'^rnk) , 

[Tfcj, ilni;] = - {6jmQlk + Skm^lj + ^kl^mj + Sjl^mk) , (12) 

plus the analogous equalities, obtaining from the latter three relations by the cyclic per- 
mutation T ^ ^ 8 ^ T, where = -'^jk, "^kk = 0, Tkj = T^fc, ilkj = ^jk, Qkj = 



6 Algebras Diff(P"(H)§) and Diff(H"(e)s) 

Consider now the total space of unit spheres bundle P" (H)s over the space P" (H) . Let 
(z,C), where z e P"(H), C e r^P"(H) be a general point of the space P"(H)s. Due to 
the isomorphism P^(H) = S''^ we assume here n ^ 2. 

Let zo = (1,0,..., 0) G H"+\ an element Co e r^,H"+i = H"+i has coordinates 
(0,1,0,...,0). Put Zo = ^Zo, Co = 7r4o eT;„P"(H). 

The stationary subgroup Kq of the group Vuin+l), corresponding to the point (zq, Co) 
is generated by the group Ki — XJuin — 1), acting onto the last {n — l)-th homogeneous 
coordinates and by the group K2 = Uh(1), acting by the left multiplication of all ho- 
mogeneous coordinates by quaternions with the unit norm. The algebra to of the group 
Kq (corresponding to Proposition ^ is (271^ — 3n + 4)-dimensional and is generated by 
elements Ulljl with S^/c^j^n+l and the elements: 

n+1 n+1 n+1 

^kk, ^ ^^fefc, ^ ©fcfc- 
k=l k=l k=l 

Choose the complimentary subspace p to the subalgebra to in the algebra g = UH(n -I- 1) 
as the linear hull of elements: 



Tife, nik, Oife, 2 sc: fc < n + 1, *2fe, T2k, ^2k, e2k, 3 < fc < n + 1, 
i j k 



(13) 
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Taking into account relations (|12|) it is easily obtained that the expansion UH(n+l) — p©to 
is reductive, i.e. [p,to] C p. 

It is readily seen from 112|l that setting: 

A = — 'I'l2, ex.k-2 = "fife, eX,n-3+k = "^Ik, e\^2n-4+k = ^Ik, e\^2n-5+k = ©Ifc, 
f\,k-2 — —'^2k, f\,n-3+k = —^2k, fxa-n-i+k = —^2k, f\,3n-5+k = — 02fe, k = 3, . . . ,n + 1, 
e2Aa — Tri2, e2A,2 — ^12, e2A,3 = 9l2, /2A,1 = Tf"*, /2A,2 — /2A,3 — ©*, (14) 

we obtain the base from Proposition ^ for qi = An — 4, (72 = 3. 

Now we are to find the full set of independent Ad^o -invariants in S{p). According to 
sectional the expansion p = a(B i\ (B (B P\ (B p2\ is invariant w.r.t. the Adi^g-action. 
In the space a the K'o-action is trivial that gives the invariant Dq = A G ii{p^°), already 
found in section 0] 

From formulas (|14|l we see that the space pA — K 



consists of matrices of the form 



/ 





-a* 
a 



Likewise, the space 6a 



~ai 

ai 








, ai, . 



V fln-l 



consist of matrices of the form 









/ 





.. 





















-h .. 




-1 








-b* EE 





61 


.. 










b 


/ 


















I 


b„-i 


.. 





/ 



61, . . .,bn-i e 



Due to the formula 



1 
U 



~a* 
a 



1 

U* 





Ua 



-{Uay 




, i7eUH(7i-l),aeH"-i 

the action of the group Ki in the space px is equivalent to the standard action of the 
group Umin — 1) in the space H""^ : a ^ Ua. In the space 6a the action of Ki is similar: 
h^Ub. 

The standard action of the group UH(ft — 1) in the space H""^ has one independent real 
invariant: (z,z), z e H"^^, and the diagonal action of Vmin — 1) in the space pA © 6a = 
H""^ © IHI"~^ has six (independent iff n ^ 3) real invariants: 



i\ zi,z2 e H"-^ 



(zi,zi} G R, (Z2,Z2) e M, (zi,Z2) e H 
Denote the corresponding elements from fj,{p^^) e U{g)^^ in the following way: 

n+l n+1 



(15) 



2k I I 



k=3 



fe=3 



n+l 



= - J E (i*!'^' *2fc} + {Tu, T2fc} + {nik,^2k} + {Oik, e2fe}) 



fc=3 
ri+1 



(16) 



fe=3 
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{^-ifc, ^2k} + {*2fe, f^ifc} + {Tife, e2fc} - {T2fe, eu-}) , 
{^-ifc, e2fc} + {^-2^,614 + {Qik, T2fe} - {r!2fc, Tifc}) . 

If n = 2, then there is the unique independent relation between invariants H15() : 

(zi,Z2)P = 1^12:2^ = |z2p = (zi,Zi}(z2,Z2), Zi = Zi,Z2 = Z2 £ H. (17) 

If we write this identity in coordinates, then we wiU obtain the weh known Euler identity 
which is the key ingredient in the proof of the Lagrange theorem from number theory: if 
two integers have the form + 6^ + + d^, a,b,c,d ^ TL, then their product has the same 
form. 

The elements Di, D2, D^, already found in section^ are invariant w.r.t. the action 
of the whole group Kq, therefore they correspond to operators of the second order from 
Diff(P"(]HI)s). The elements □i,n2,n3 are not invariant w.r.t. the action of the group 
K2 = Uh(1). Obviously, the i4r2-action on the linear hull of elements Di, 02, Da is equiva- 
lent to the well known action of the group SO (3) = Uh(1)/(1, —1) in the space H' of pure 
imaginary quaternions: 

X qxq, X e H', q £ Uh(1), 

after the identification Di ^ i, Di ^ j, ^ k. 

The _R'2-action on 3-dimensional spaces p2A, 62A sue the same after the identification 
Tfi2,Tf* i; ^12,^* j; 6i2,0, <^ k; while the iiTi-action in these spaces is trivial. 
Thus we are to find invariants of diagonal action of the group SO (3) in the space M."^ © 
M'^ © M^. It is clear that there are 6 = 9 — 3 such independent invariants: 

(x,x}, (y,y), (z,z}, (x,y), (x,z), (z, y), x, y, z e 

and invariant (x, y, z) = (x, y x z) algebraically connected with the first six: 

(x,y,z)2 =xVz' + 2(x,y)(x,z)(y,z) -x2(y,z)2 

-y2(x,z)2-z2(x,y)2, (18) 

where y x z is the standard vector product in . Relation 118|l can be verified using the 
well known formulas: (x, y)^ = x^y^ — (x x y)^ and x x (y x x) = (x, z)y — (x, y)z. 
It gives the following invariants from [/(g)^": 

D, = Tl, + nl, + e?2, D, = Tl + nl + el 
Dq^\ ({T12, T4 + {r!i2, + {612, ej) , 

D7^\ ({Di, T12} + {02, 012} + {Ds, 612}) , (19) 

= i ({Di, T4 + {02, n^} + {Da, o,}) ,D^ = n\ + nl + ul 

Dio = □1^^126, - □ll7,ei2 + □2T,ei2 - □2Ti2e, + □3f^,Ti2 - □3l7l2T,. 

Here we took into account that every three factors from all summand in the last expression 
pairwise commutate. The invariants D4, D^, Dq correspond to the general case, considered 
in sectional 

In fact invariants Dy, Ds, Dg and Diq are not in fi (p^'") because they are not symmetric 
w.r.t. all transposition of their factors of the first degree. After complete symmetrization 



, ri+l 

fe=3 
, n+1 

k=3 
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we can obtain invariants from ^ (p^") : Dk ^ Du + D*^ mod {U{g)i)^° , A: = 7, 8, 9, 10, 
where are elements from U{g)^° with deg_D^ < degi^A;- For convenience we will use 
elements Dk instead of Dk, k = 7,8, 9, 10. 

Thus operators Do, . . . , Dio generate the algebra Diff (P"(]HI)s). 

The degrees of the generators are as follows: 

deg(7^o) = 1, deg{Di) = deg(i^2) = degiD^) = deg(D4) = deg{D^) = deg{De) = 2, 
deg{Dj) = degiDs) = 3, deg(I?9) = deg(i?io) = 4. (20) 

In the model of the space P"(]HI) we can transpose the coordinates z\ and zi. The 
operators D^, Di, D^, Ds, Dg, Dig are symmetric (invariant) w.r.t. this transposition and 
the operators Dq, Di, O3, Dq, D^ are skew symmetric. The operators Di and D2 turn 
into each other under this transposition. 

It is easily verified that automorphisms Ca, f acts on Oi, Di, . . . , Diq, i — 1,2,3 as 

Ca{Oi) =Oi,i^ 1,2,3, Ca{Dj) = cos{a)Dr - sin(a)i:)8, Ca(^8) sin(a)L'7 + cos(a)i:'8, 
CM) = Dg, Cc{Dw) = Dw, <j{ni) - 1^1,2, 3, a{D^) = D^, a{Ds) = ^Ds, 
a{Dg) = Dg, a{Dw) = D^- 

Taking into account their action on other generators (see section 0J we obtain that the 
transposition of zi and Z2 is equivalent to the composition a o Q^. 

In order to get the generators of the algebra Difl^(H"(]EII)s) one can use Remark ^ 
formula l|14|) and make the formal substitution: 

A ^ iA, ^ik ^ Tifc ^ iTifc, rJifc ^ i^ik, eifc ^ iOife, T12 ^ iTi2, 

Q.I2 — > iril2, 6l2 1012, ^2k ^'2fc, T2fc ^ T2fc, il2k ^2k, ©2?; ^ 02fc, 

T* > , ^* ^ ^* , 0* ^ 0*, — 3,...,7l^~l. 
This substitution produces the following substitution for the generators Dq, . . . , Diq: 

Do ^ iDo, Di ^ i?2 ^ ^2, i?3 ^ i^s, D4 ^ -^4, ^5, 

De iDe, D7 ^ -Dr, Ds -> iDs, Dg ^ -Dg, D^ ^ -D^- (21) 
The operators -Dq, . . . , Dio generate the algebra Difl'(H"(H)s). 

7 Relations in algebras Diff(P"(e)§) and Diff (H'^(e)s) 

Here we are to find the independent relations in Diff(P"(H)s) for it's generators Dq, . . . , 
DiQ. They are of two types (see section EJ. First type is commutative relations, because 
a commutator of two differential operator of orders mi and m2 is an operator of an order 
Til + TO2 — 1- It gives 11(11 — l)/2 = 55 relations. If n ^ 3 due to p8|l the second 
type consists of only one independent relation of the form: 

Dl„ - D^D^Dg - 2DeD7Ds + DgDl + D^Dj + D^D^j = D' , (22) 

where D' is an operator of an order ^ 7, which is polynomial in Dq, . . . , Diq. If n = 2 the 
formula 117(1 gives another independent relation of the form: 

^{Di,D2}~Dl-Dg^D", 

where D" is an operator of an order ^ 3, polynomial in Dq, . . . , Dg. The direct calculations 
gives D" = Di + D2, therefore in the case 71 = 2 we have the additional relations: 



-{Di,D2} -Dl-Dg = Di+ D2. 



(23) 
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For n — 2 using this relation we can exclude the element Dg from the list of generators. 

In principle all relations can be obtained by straightforward calculations in U (g) modulo 
(?7(g)fi)^°, but these calculations became too cumbersome to write all of them here. In 
Appendix A there is an example of deriving some commutative relation. After getting 
some commutative relations by direct calculations it is possible to get some other ones 
(see Appendix A) using the Jacobi identity: 

[A, [Dj,Dk]] + [Dk, [A, Dj]] + [D„ [A, A]] = 0, 

which is valid, in particular, in every associative algebra. This identity gives also a tool 
for checking the commutative relations already found. Below there are all 55 commutative 
relations in lexicographic order. The relation H22|l became too difficult to obtain in a similar 
way. May be we need a computer algebra calculations to obtain the explicit expression 
for A. 

[A,A]--A, [A,^2]=A, [Do,D3]^^{Di-D2), [A,^4]--2A, 
[A, D5] = 2A, [^0, De] = A - A, [Do, A] = - A, [^0, ^s] - Dj, [A, ^9] = 0, 
[A, ^10] = 0, [i^i. A] = -{A, ^3} - 2A, A] = -^{^0, Di} + A + n{n - 1) A, 
[A, A] = 2A, [i^i, A] = 0, [i^i. A] - ^8, [Di,Dr] - -^{^3, ^6} - liDuD^} 

+ ^(A - A) + A + Dw + n{n - 1) A, [A, A] = -^{^3, ^5} - \{Di,De} 
+ ^ A + n{n - 1) A, [Di,Do] = -{A, Ds} - A} - J{A, ^^3} 
+ 2(n - ^)(« + l)Dr, [A, ^10] = ^{i?6, Ds} - ^{ A, ^7} + ^{i^o, ^^3} + ^Dr, 
[A, A] = l{Do,D2} + A - n{n - 1) A, [^2, A] = -2A, [^2, A] = 0, 
[A, A] = -^8, [^2, A] = -^{-03, ^6} + ^{^2, A} + ^(A - A) - A - Dw 

- n{n - 1) A, [A, A] = -^{^3, ^5} + ^{D2, A} + J^3 - n{n - 1) A, 
[A, A] = -{^3, ^8} + {D2, A} + ^{^0, ^3} - 2(n -l)in+ A, (24) 
[D2, Dw] = -^iDe, Ds} + ^{ A, Dj} - ^{ A, A} - ^^7, [^3, D^] = 0, [A, ^5] = 2A, 
[A, De] = A, [^3, Dr] = -i{A + A, A} + n{n - 1)A, [^3, ^8] = - + A, A} 
+ n{n - 1) A + ^9 + ^10, [^3, ^9] = -Udi + A, A} + ^{^0, Di - A} 
+ 2(71 - ^){n + i) A, [A3, ^10] = liDe, A} - ^{A, Ds} - ^{A, D, - A} 
+ i A, [A, A] = -2{ A, A}, [Di, De] = -{A, A} + ^ A, 
[A, A] = l{Di - A, A} + ^(A - ^1), [A, A] = \{Di - A, A} - {Do, A}, 
[A, A] = {Di - A, A}, [Di, Ao] = 0, [A5, A] = {Do, A} - ^ A, 
[A, Dj] = {A, i^e} + {Do, Ds}, [A, 1?8] = {D3, A} - ^ A, [D5, A] = 2{ A, A}, 
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[D5,Dw] = 0, [De, D^] = ^{Di - D2, D,} + ^{03,0^} + ^{Do, Dj} - ^D^, 
[De, Ds] = ^{D, ~ D2, D5} + \{D3,De} - ^{Do, D^} + ^(I?2 - ^1), 
[De, Dg] = - D2, Ds} + {D3, Dr}, [D^, D^^] = 0, [Dj, D^] = -^{Di - D2, Dg} 

- llDs, Dr} + -^{Do, Di + D2} - Udq, + D^] - -n{n - l)Do, 
2 lb 2 4 

[Dj, Dg] = \{D3,D^} + - D2, Di} + ]^{Di - D2, Dq + Dw} - ^(i?? - D^) 

+ l{n' -n-^){D,- D2), [Dy, D,o] = \{D2 - D,,DI] - -^{{D^, Dj], D^} 
+ \{{Do., Di}, Ds} + i{{Z?i - D2,D^}, Di} - i{i^3, ^e} 
+ ^{D2 - Du3D4 + D5} - ^{Do, Ds} + ^{D^ - D2), 

[Ds, Dg] = ^{Di - D2, De} + i{Z?3, A} - ^{^3, ^1 + D2} + {D-,, Dg + D^} 
+ lin^ -n- \)D3, [Ds, D,o] = - ^{{^3, De}, De} + ^{{Do, De}, Ds} 

- ^{{Do, D5}, Dr} + \{{D,, D,}, D,} - ^{i^a, i^s} - \{D3, D^} + ^{Do, Dr} 
+ ^Ds, [Dg,Dio] - ^{-{^6, ^8} + {^5, Dy}, D^ - D2} + ^{{i^s, Ds}, Di} 

- 1{{D3, De}, Dr} + ^{D2 - D,,Dr} - ^{D^, Ds}. 

It is interesting that the operators Dg and I?io arise in the right hand sides of these 
relations only in the combination Dg + Dig. 

Using relations H24|l it is not difhcult to verify that the operator D* ~ Dq + Di+ D2 + 
D4 + D5 lies in the centre of the algebra Diff(P"(H)s) in accordance with the sectional 

Using substitution H21|l one can obtains from (|24|l the commutative relations for the 
algebra Diff(H"(H)s). 

The analog for the operator D* from the centre of the algebra now becomes D* — 
Dl+Di-D2 + Di-Dz£ Diff (H"(H)s). In the case n = 2 the additional relations ^ 
becomes: 

]^{Di,D2} - Dl - Dg = D^ - D2. 

8 Algebras Diff(P^XC)§) and Diff(H^XC)s) 
8.1 The model for the space P"(C) 

Taking the factor space of C"+^\{0} w.r.t the action of the multiplicative group C* = 
C\{0} (due to the commutativity of the complex multiplication it makes no difference left 
or right), we obtain the complex projective space P"(C). Let tt : C"+^\{0} — > P"(C) be the 

n+l 

canonical projection. Let now (x,y) := ^iVi^ ^ = (^^i: ■ • -iXn+i), y = {yi, ■ ■ ■,yn+i) e 

1=1 

(j^n+i ]-,g ^]-^g standard scalar product in the space C"+^. 

The metric g of the constant holomorphic sectional curvature on the space P"(C) is 
defined by the same formula as on the space P"(]H[), where now z G C"+^\{0}, £ 

r,c"+i, Ci = G r,(,) (P"(C)) ,1 = 1,2. 
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The Riemannian metric g on the space P"(C) is: 

g = 4i?2 Re g. (25) 

If n = 2 it is not difficuh to verify (Hke in sectionEJ that the homeomorphism r : P^(C) — > 
C = S^, t{zi,Z2) = 2i (z2)~ — z € C, transforms (^5)1 into the metric 

'iR'^dzdz 

of the sectional curvature on the sphere S^. 

The left action of the group G — SU(n + 1) on the space C"+^ conserves the scalar 
product (•, •) and induces the action in the space P"(C), conserving metrics g and g. 

The stationary subgroup, corresponding to the point of the space P"(C) with homo- 
geneous coordinates (1 : : . . . : 0), are the group \J{n) — SU(n)U(l), where the factor 
SU(n) acts in the standard way onto the last n coordinates, and the factor U(l) acts by the 
multiplication of the first coordinate by e"^ and the second one mod 27r. 

Thus P"(C) = SU(n + 1)/U(n). 

Choose a base of the algebra su{n + 1) in the form: 

= \{Ek3 ~ Ejk), Tkj = ^{Ekj + Ejk), 1 s; fc < j n + 1, (26) 



Tfe = |(-Bii -^fcfe), 2 fc n + (27) 

The commutators for these elements are easily extracted from ()12|l . taking into account 
that Tfc = ^C^ii ~ Tffcfe) using the notations from 



8.2 Algebras Diff (P'^(C)s) and Diff(H"(C)s) 

Consider now the space P"(C)s. Due to the isomorphism P^(C) = we again assume 
that 2. 

Let zo = (1,0, ...,0) e C"+\ an element Co £ 1^0^"+^ = C"+^ has coordinates 
(0, 1,0,..., 0). Put zo - ^zo, Co - TT^o e T;„P"(C). 

The stationary subgroup Kq of the group SU(n-l-l), corresponding to the point (zq, Co)i 
is generated by the group Ki — SU(n — 1), acting onto the last n — 1-th coordinates and 
by the group K2 = U(l), acting onto the homogeneous coordinates of P"(C) as: 

{xi-....: Xn+i) {e^'^'xi : e">'x2 : e~'^'"''x3 -.x^:...: a;„+i), (28) 

dimn = {n — 1)^ and we obtain Kq = U(n — 1). 

The algebra io of the group Kq is the linear hull of elements as3^fc<j^7i+l 
and elements: 

T, - T3 = ^(^33 - E,j), 3 < J ^ n + 1, 2T3 ~ T2 = |(^ii + E22 - 2^33). 

Choose the complimentary subspace p to the subalgebra io in the algebra g — su(n-|- 1) 
as the linear hull of elements: 

^-ifc, Tife, 2^k^n+l, ^2k, T2fe, 3 ^ A: ^ n + 1, T, = T2. (29) 

Taking into account relations H12(l it is easily obtained that the expansion su(7i + l) = p0?o 
is reductive, i.e. [p,to] C p. 
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We will obtain the particular case of Proposition ^ for qi = 2n — 2, (72 = 1 setting: 

e-2\s = T12, h\s = T,, A; = 3, . . . , n + 1. (30) 

Now we are to find the generators of Ad -invariants in S'(p). The expansion p — 
a © ® t2A © Pa ® p2A is invariant w.r.t. the Adi^^-action. In the spaces a, p2A, ^2\ the 
i^o-action is trivial that gives the invariants Z?o = A, D4 = T12, -D5 = G /i(p-^'') 
Operators 1)4, are square roots of their analogs from sectional 



From formulas (|30|l we see that the space p; 



consists of matrices of the form 



-a* 
a 



/ 


ai 



-ax 





V a„_i 








/ 



ai, 



, a„_i G C. 



Similarly, the space t\ 



consist of matrices of the form 









/ 





.. 





\ 
















-61 .. 


■ -K- 


-1 















.. 










h 




















1 




.. 





/ 



hi,.. 



The action of the group Ki in the spaces p\ and l\ is equivalent to the standard action 



of the group SU(n — 1) in the space C 



n-l . 



Ua, U G SU(n — 1), likewise in section 



El It is easy to verify that the action 1)28(1 generates the action ai exp^'^"^ai, a; 
exp""'^ Qi, hi — > exp~^"^ hi, hi exp~"^ bi,i = 2, . . . ,n ~ 1. Therefore the ii'o-action in 
spaces pA and t\ is equivalent to the standard U(n — l)-action in C"~^. 

This action has one independent real invariant: (z, z), z G C"^^, and the diagonal 
action of U(rt — 1) in the space pA © Ja — C"~^ © C"^^ has four (independent iff n ^ 3) 
real invariants: 



(zi,Zi) G R, (Z2,Z2) G M, (zi,Z2) G 



e, zi,z2 G c"-i. 



(31) 



Denote the corresponding elements from /i(p ") G U{q) ° in the following way: 

n+l ri+1 



^1 = E (^^'^ + ^?'«) ' ^2 = E (*2fc + TL) , (32) 

fc=3 k=3 

-, n+1 ^ 71+ 1 

^3 ^ - 9 E (i*!'^' *2fc} + {Tu, T2fc}) , n = ^5 E (- {'^lk,T2k} + {*2fc, T^}) . 



k=3 



fe=3 



In this case only operator □ is new w.r.t. section^] 

If ?T. = 2, then there is the unique independent relation between invariants 1)31(1 : 



I(Z1,Z2) 



\ZlZ2\ 



\Zl\ 



|z2p = (zi,Zi)(z2,Z2), Zi = Zi,Z2 = ^2 £ 



(33) 



Thus operators Dq, .... D^, □ generate the algebra Diff (P"(C)s). 
The degrees of the generators are as follows: 



deg(i?o) = dcg(i?4) = deg(i?5) = 1, cleg(Z?i) = deg(i?2) = degiD^) = deg(n) = 2. (34) 
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The operators D^, Dj^ are symmetric and the operators Do, D, ^5 are skew symmetric 
w.r.t. the transposition of coordinates zi and Z2- The operators Di and D2 turn into each 
other under this transposition. 

In order to get the generators of the algebra Diff(H"(C)s) we can use the formal 
substitution: 

A ^ iA, ^ Tife ^ iTife, T12 ^ iTi2, 
*2fe *2fe, T2fe T2fc, T, ^ T,, A; = 3, . . . , n + 1. 

This substitution produces the following substitution for the generators Dq^ . . . , D5, □: 

I?o ^ i^o, Di ^ -^1, D2 ^ ^2, ^3 i^3, ^ i^4, □ ^ iO, ^ ^5- (35) 
The operators -Do, ■ • ■ , D5, □ generate the algebra Diff(H"'(C)s). 

8.3 Relations in algebras Diff(P"(C)§) and Diff(H"(C)§) 
The commutative relation for the algebra Diff(P"(C)s) are as follows: 

[Do, Di] - -D3, [Do, D2] = D3, [Do, D3] = i(Di - D2), [Do, D4] = -D5, [Do, D5] = D4, 

[Do,n] =0, [Di,D2] = -{Do,D3}-{n,D4}, [Di,D3] = -^{Do, Di} + D5} 

In — ll^ 11 
+ ^ 4 -Po, [Di, D4] = □, [Di, D5] = 0, [Di, □] = --{Di, D4} - -{D3, D5} 

+ ^^^^4, [D2, D3] = -{Do, D2} + -{□, D5} - ^^^^0, [Di.D^] = □, 

1 1 in — 1)^ 

[D2, D5] = 0, [D2, □] = -{D2, D4} - -{D3, D5} - ^ ^ [D3, D4] = 0, 

1 in - 1)2 

[D3, D5] = □, [D3, □] - --{Di + D2, D5} + ^ 4 [Da, D5] = -Do, 

[D4,n] = i(Di-D2), [D5,n]-D3. 

If 71 > 2 then there are no relations of the second type. If n = 2 then there is one 
relation of the second type due to ij^ : 

i{Di,D2} - Dl - - 1(d2 + D| + Dl) = 0. (36) 

It is easy to verify that the operator D* = Dq + Di + D2 + D| + D\ lies in the centre of 
the algebra Diff(P"'(C)s) in accordance with the section^] 

Using substitution (|35|l we obtain analogous relations for the algebra Diff (H"(C)s). 

The commutative relation are now as follows: 

[Do,Di] =D3, [Do,D2] =D3, [Do,D3] = i(D2 + Di), [Do,D4] =D5, [Do,D5] =D4, 
[Do,D] =0, [Di,D2] = -{Do,D3}-{D,D4}, [Di,D3] = -^{Do, Di} - ^{D, D5} 

- ^ ^ Do, [Dl, D4] = [Dl, D5] = 0, [Dl, □] = --{Dl, D4} + -{D3, D5} 

- ^-^Di, [D2, D3] = -{Do, D2} + -{□, D5} - ^^^^0, [Di,D,] = 

-- - - 1- - 1- - (n — 1)'^ - - - 

[D2,D5] = 0, [D2,n] = -{D2,D4} - -{D3,D5} - ^ ^ Di, [D3,D4 = 0, 
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[^3, ^5] = [D3, □] = --{^1 - D2, D5} - ^ 4 [D4, ^5] = -Do, 

If n > 2 then there are no relations of the second type. If n = 2 then there is one 
relation of the second type analogous to (|36|l : 

^{D,,D2}~Dl-D'~ ^{Dl + Dl- Dl) - 0. (37) 

The operator D* ^ Dl + D^ - D2 + Dl - Dl hes in the centre of the algebra Diff (H" (C)s) . 

9 Algebras Diff (P^(R)§), Diff(Sg) and Diff(H^(R)§) 

9.1 Generators of algebras Diff(Sg) and Diff(H"(M)s) 

Let now (•, ■) be the standard scalar product in the space M"+^. The equation 
(x,x) = i? > defines the sphere S" SO(n + 1)/S0(n) C R"+i of the radius R with 
the induced metric on it. The space P"(M) is the factor space of S" w.r.t. the relation: 
X ^ —X. Below we will show that algebras Diff(P"(E)s) and Diff(S|) are isomorphic. 

The spaces Sg, P-'^(K)s are one dimensional and the algebra of invariant differential 
operators on them is generated by one differential operator of the first order. Therefore 
we again suppose that n > 2. 

Let 

= \{Ek3 - Ejk), 1 ^ fc < J n + 1 (38) 

be the base of the algebra so(n + 1). The commutative relations for them are contained 
in lO. 

Consider the space Sg. Let Zq = (1, 0, . . . , 0) £ ]R"+\ an element e r^„M"+i = M"+i 
has coordinates (0, 1,0,..., 0). Put Zq ~ ttzq, Co — G r^^Sg . 

The stationary subgroup Kq of the group S0(7i + 1), corresponding to the point 
(zqjCo) G Sg, is the group SO(n — 1), acting onto the last {n — l)-th coordinates. 

The group SO(rt + 1) is a group covering of the identity component G of the isometry 
group for P"(IR). The group Kq = SO(n — 1) C SO(n + 1) is a group covering of its 
analog K'^ C G. The kernel of such covering is a normal subgroup of SO(ri — 1) that 
lies in the centre of SO(n — 1) ^T] (lecture 9). Therefore the orbits of AA-Ko ^^"^ ^'^■'^o 
actions on p C coincide and the construction from section [21 implies the isomorphism 
Diff (P" (M)g) = Diff (Sg). 

The algebra to of the group Kq is the linear hull of elements '^kj as3^A:<j^rt + l. 
Choose the complimentary subspace p to the subalgebra to in the algebra g = so(n + 1) 
as the linear hull of elements: 

4'ife,2^fc<n + l, *2fe, 3^fc^n+l. (39) 

The expansion 5o{n + 1) = p ® so(n — 1) is reductive. 

We will obtain the particular case of Proposition ^ for qi ={),q2 = n — \ setting: 

A = -2^12, e2x,k-2 - 2^ik, /2A,fe-2 - -2*2fe, fc = 3, . . . , n + 1. (40) 

Now we have the expansion p — a©t2A ffip2A, which is invariant w.r.t. the Ad/f|-,-action. 
It is easy to see that in the space a the iiTo-action is trivial and in the spaces i2\ and p2A 
it is equivalent to the standard action of the group SO(n — 1) in the space E"~^. The 
i^o-action in the space a has the invariant Dq — A. The description of base iiTo-invariants 
in the space p2A © hx is different in cases n = 2, n = 3 and n > 4. 
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9.1.1 The case n ^ 4 

The SO(n— l)-action in R"^^ has one independent real invariant: (z, z), z G M"^^, and the 
diagonal action of SO(n — 1) in the space p2A © i2\ — K"^^ ® M"^^ has three independent 
real invariants: 

(zi,Zi), (Z2,Z2), (zi,Z2), Zi,Z2 £ M""^ (41) 

Denote the corresponding elements from G U{g)^" in the following way: 

n+l n+l n+l 

All these invariants were found in section 01 for the general situation. 
Thus operators Dq, Di, D2, D3 generate the algebra DifF(Sg). 
The degrees of the generators are as follows: 

deg(I?o) = 1, deg(I?i) = deg(I?2) = deg(i?3) = 2. (42) 

The operator D3 is symmetric and the operators Dq is skew symmetric w.r.t. the 
transposition of coordinates zi and Z2. The operators Di and D2 turn into each other 
under this transposition. 

9.1.2 The case n = 2 

In this case Kq is the trivial group and the independent invariants are Dq, Di = e2A.i, D2 = 
/2A.1- Thus the algebra Diff(S|) is isomorphic to U{so{3)). The centre of this algebra is 
generated by the operator Dq + D\ + D2 ■ 

9.1.3 The case n = 3 

In this case Kq — 5o(2) and we have the additional (with respect to the case n ^ 4) 
invariant of the second order 

□ = 2({^'i3,*24}-{*14,*23}). 

It is algebraically connected with operators Dq, Di, D2, D3 which are defined as in the 
case n ^ 4. 

9.1.4 Generators of the algebra Diff (H"(R)s) 

First, let n ^ 4. In order to get the generators of the algebra Diff(H"(]R)s) we can use 
the formal substitution: 

A ^ iA, i*ifc, ^'2fc ^ ^'2fc, fc = 3, . . . , n + 1. 

This substitution produces the following substitution for the generators Dq, . . . ,D^: 

Dq ^ iDq, Di ^ -^1, D2 ^ D2, Di ^ ^3- (43) 

The operators Dq, . . . , D3 generate the algebra Diff (H" (R)s). 

In the case n = 3 we have the additional substitution □ ^ iD and the operators 
Dq,..., D3, a generate the algebra Diff (H3(M)s). 

In the case n = 2 we obtain the substitution 

Dq ^ iDq, Di iDi, D2 D2. 

The algebra Diff(H^(M)s) is isomorphic to U{so{2, 1)) and its centre is generated by the 
operator D^ + Dj - Dj. 
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9.2 Relations in algebras Diff(Sg) and Diff(H"(M)§) 

Here we shall consider only the case n ^ 3, since Diff(Sg) = C/(so(3)) and Diff (H^(M)s) = 
C/(so(2,l)). 

The commutative relation for the algebra Diff(Sf ) are as follows: 
[Do, Di] = -2D3, [Do,D2] = 2D3, [Do, D3] = Di- D^, [Di,D2] = -2{Do, D^}, 
[D,,D.,] . -{Do, DA + ("-^f -^^ i^o, [D2,D,] = {Do,D2} - (-^iD^no- 

For n — 3 the additional operator □ lies in the centre of the algebra DifF(S|). 

If n > 3 then there are no relations of the second type. If n = 3 then there is one 
relation of the second type: 

^{D,,D2}-Dl = Dl + n^. (44) 

It is easy to verify that the operators Dl = Z?q + Di + D2 and 

D*. - \{DuD2} - Dl + (1 - ("-^f -^^ ) (D, + D2) 

lie in the centre of the algebra Diff (Sg). If n = 3 it holds = + Dl due to In 
this case two operators £)* and □ generate the centre of the algebra Diff (Sg). 

Using substitution (|43|l we obtain analogous relations for the algebra Diff (H"(R)§). 

The commutative relation are now as follows: 



[^0, ^1] = 2^3, [^0, D2] = 2D3, [Do, D3] =D2 + Di, [Di,D2] = ~2{Do, D3}, 
[D„D,] = -{Do,D,} - ^"-^f -^) z)o, [D2,D,] = {Do,D2} - (-'f-^^ Do, 
and for n = 3 also 

[Do, □] - [D,,D] = [D2, □] = [^3, □] = 0. 

The first three relations were found in 0], but the other relations were not calculated 
there. 

If n > 3 then there are no relations of the second type. If n = 3 then there is one 
relation of the second type analogous to (|H|l : 

^{D,,D2}-Dl = Dl + a^. (45) 

The operators Dl — D^ + Di - D2 and 

m = '^{D.m - m + (1 - iD, - D2) 

lie in the centre of the algebra Diff (H"(IR)s) and if n = 3 it holds D2 — + Dl due to 
(|45|l . In this case the operators Dl and □ generate the centre of the algebra Diff(H|). 

10 The model of the space P^{Ca) 

Our description of Caley algebra Ca and the octonionic projective plane P^(Ca) in this 
section is based on ^S], [T^ . 
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10.1 The algebra Ca 

According to Frobenius theorem there are only four finite dimensional division algebras 
over R: M itself and algebras C, H, Ca. The latter is an eight dimensional normed division 
algebra of octonions. It is noncommutative and nonassociative, but alternative, i.e. for 
any two elements £,,7] e Ca it holds (^77)77 — £,{r]r]) and ^{^rj) = {(.Ov- The group of all 
automorphisms of Ca is the exceptional simple compact 14-dimensional Lie group G2- The 
standard base of Ca over R is {eijj^g, where eo = 1 S M and ef = —1, CiCj = —CjCi, i,j = 
1, . . . , 7, i ^ j- The elements {e^jj^j^ are multiplied according to the following scheme: 



66 




Here CiCj — if these elements lie on one line or on the circle and are ordered by 
arrows as ei,ej,ek- The conjugation l : Ca 1— > Ca acts as t(eo) = cq = cq, i(ei) = ei — 
—Ci, i — 1, ... ,7 and is extended by linearity over whole Ca. Let Re ^ = + Im^ = 

— ^ G Ca. Define the scalar product in Ca by the formula: (ry,^) = 2^V^ + ^v) = 

Re{^r]) = Re{fjS^) G M and the norm by the formula ||77|| = (77,77)^/^. In the algebra Ca 
every two elements generate an associative subalgebra and the following central Moufang 
identity is valid: 

u ■ xy • u = ux ■ yu, u,x,y G Ca. (46) 

Here we use the notations u ■ xy := u{xy), xy ■ u := {xy)u. 

There are the following description of spinor and vector representations (all 8-dimensional) 
of the group Spin(8) in Ca ^Zj, ^H!, which will be used later. Define linear operators in 
Ca: 

La-.^i-^ ^Cq^, a = 1, . . . , 7, ^ G Ca, 
La,i3 ■ ^ ^ ^eaiep^), 1 < a < /3 ^ 7, ^ G Ca. 

This operators are generators of the left spinor representation of the group Spin(8), i.e. 
they are the images of some base of the Lie algebra spin(8) under this representation. 
Similarly, operators 

Ra-£,^ ^Cca, a = 1, . . . , 7, ^ G Ca, 

Rc.,f3 :e ^ ^(Ce^)ea, l^a</3^7, ^eCa 

are generators of the right spinor representation of the group Spin(8). All these operators 
are skew symmetric w.r.t. the scalar product in Ca. 

Formulae above define operators La,/3, Ra.is also for 1 ^ (3 < a ^ 7. If Ca' is the space 
of pure imaginary octonions, u G Ca', ^ G Ca, then due to the alternativity of Ca: 

For u — Ea + ep, l^a</9^7it holds 

-2C = -£.\ea + e/3p = ^(ca + ep) ■ (e^ + ep) = ^e^ • + • + ^ep ■ + ^e^j • ep 
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= + ■ ef3 + ^ep ■ ea - ^ 

and ^Cq • + ^e^ • = 0. Similarly, • e^^ + e/3 • = 0. For ^ i, j ^ 7, i / we can 
write more general formulae, useful in the following: 

• ejS, = -Ej ■ e,;^, • Cj = -^e-,- ■ ei, ^ e Ca. (47) 

In particular, we have ia,/3 = —Lp^a, Ra.j3 = —Rp.ai 1 ^ a, /3 ^ 7, a 7^ 

For the element g G Spin(8) denote by g^, and g^ its images under left spinor, right 

spinor and vector representation respectively. The following proposition is a version of the 

triality principle for the group Spin(8)'^. 

Proposition 2 (|17p. For any element g e Spin(8) it holds 

9''{0l)=9''{0-9''{v),0v^Ca. (48) 
Conversely, if A,B,C are orthogonal operators Ca > Ca such that 

A{(V) - BiO ■ C(77), 

for any £,,ri E Ca, then there exist unique g G Spin(8) such that A — g^ , B — g^ ,C — g^. 
From equation (|48|l we obtain its infinitesimal analogs: 

V^{^V) = UiO • r/ + ^ R^{v), z = 1, . . . , 7, (49) 
Vr,j m = (0 • ?7 + e ■ ^» J (^y) , 1 ^ * < J < 7, e, 77 e Ca, (50) 

where Vi and Vij are generators of the vector representation of the group Spin(8). 



10.2 The Jordan algebra t)3(Ca) 

The Hermitian conjugation A A* for square matrix with octonion entries is defined 
as the composition of octonionic conjugation and transposition of A, similar to complex 
or quaternion cases. A matrix A is called Hermitian iff A* = A. The simple exceptional 
Jordan algebra (53 (Ca) consists of all Hermitian 3x3 matrices with octonion entries. It is 
endowed with the Jordan commutative multiplication: 

XoY = ^{XY + YX), X,Y e f)3(Ca). 

This multiplication satisfies to the identity {X'^ o Y) o X = X^ o (Y o X) which is the 
condition for an algebra with commutative (but not necessarily associative) multiplication 
to be Jordan. The Jordan algebra f)3(Ca) is 27-dimensional over R. Every its element can 
be represented in the form: 



where 



X = aiEi + a2E2 + a^E^ + Xi{^i) + ^2(6) + ^3(6), (51) 





Ei= \ \ ,E2= \ 1 |,£;3=| 
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^ other versions of this principle are in lltji . 
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tti G M, £ Ca, i = 1, 2, 3. It is easy to show that 



E, o Ej = 



El, if i ^ j, 
0, if*^j, 



, s 1 0, if i = 7, , , 



^X^+ji^T]), iij = i + l mods, 



where E — Ei + E2 + E^ is the unit matrix. In the last formula all indices are considered 
modulo 3. 

The group of all automorphisms of the Jordan algebra f)3(Ca) is the exceptional simple 
compact 52-dimensional real Lie group F4. This group conserves the following bilinear and 
trilinear functionals: A{X, Y) ^ Tr{X o Y), B{X, Y, Z) = A(X oY,Z). Conversely every 
linear operator t)3(Ca) 1-^ f)3(Ca), conserving these two functionals, lies in i^4. 

Define the norm of the element ||5lJ as = A{X,X) = ELi («i + The last 

equality is the consequence of (|5^ 



Theorem 2 (Preudenthal). For any X G [)3(Ca) there exists an automorphism <I> G F4, 
such that 

'PX ^ X1E1+ X2E2 + X3E3, (53) 

where Ai ^ A2 ^ A3, and the form is uniquely determined by X . Two elements from 
f)3(Ca) lie on the same orbit of iff their diagonal forms are the same. 



10.3 The octonionic projective plane P^(Ca) 
Elements X G t)3(Ca) satisfying conditions 

X^ = X, Tr X = 1 (54) 

form the octonionic projective plane P^(Ca), which is a 16-dimensional real manifold. 
Automorphisms of i)s{Ca) conserves equations ()54(l and the group F4 acts on P^(Ca). 
From the Freudcnthal theorem and equations (|54l) it follows that every element of P^(Ca) 
can be transformed by an appropriate element of F4 to the element Ei. Thus P^(Ca) is 
a homogeneous space of the group F4 and calculations in ^2] (lecture 16) shows, that the 
stationary subgroup of every point X G P^(Ca) is isomorphic to the group Spin(9). 
Let 



X={1 + a,)Ei + a2E2 + 03^3 + ^1(6) + ^2(6) + ^3(6) G V\£a), 
where a^, i = 1, 2, 3 are tending to zero. Then due to (|52|l we have 

X o X = (1 + 2ai)Si + ^2(6) + ^3(6) + o |^^(a2 + |^|2)^ 

and the equality X o X = X implies ai — 02 = aj, = 0, ^1 = 0. It means that we can 
identify the tangent space rEiP^(Ca) with the set {^2(^2) + -''^3(^3) I C17 ?2 G Ca}. 

Let i^T C -^4 be the stationary subgroup corresponding to the point Ei and acting by 
automorphisms in the space rEjP2(Ca) ~ {X2{S,2) + -''^3(^3) I ^It^2 G Ca}. Let i^o be the 
stationary subgroup of K, corresponding to the element ^3(1) G rEjP2(Ca). 

According to the section 0] we are to calculate the i^o-action on T£;jP2(Ca). For any 
element X G f)3(Ca) let AnnX := {Y G f)3(Ca) \ Y o X = 0}. Being an automorphism of 
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the algebra [)3(Ca), an element $ G Kq conserves the space AnnX3(l). It follows from 
(l5^ that 

AnnX3(l) = {a{Ei - E2) + bEi + Xs{£,) | a, 6 e K, e Ca'} . 
Let $(£'1 - £'2) a(£'i - £'2) + bE-^ + X'i{i), then we have 

1 = ^(£1 -£2,£^i) =^($(£1 -£2),$(£i)) =^(a(£i -£2) + &£3 + X3(0,-Ei) = a. 

This implies $(£1 -£2) = £i-£2+6£3+X3(^) and the equality ||£i-£2|| = ||$(£i-£2)|| 
gives 6 = 0, C 0. It means that $(£2) = £2 and therefore $(£3) = $(£ - £1 - £2) = 
£ — £1 — £2 = £3 . Thus the group ATq conserves elements £1 , £2 , £3 . 

Let iiT' be the subgroup of £4 conserving element £1, £2, £3. We see that ifp C K' C 
K. Since Ann£i = {a2£2 + a3£3 + -^i(C)' ai, 02 G Hi, C £ Ca}, then the group K' maps 
X,iO ^ and similarly X,ii,) ^ ), z = 1, 2, 3. 

Let $i : Ca ^ Ca, i = 1, 2, 3 be orthogonal operators such that ^Xi{(_i) = Xi 
for $ G £r'. The last formula in (|52ll implies 

^3 (*3(C^)) = $ (^3(e^)) = 2$ o X2(r7)) - 2$ o $ (X2(r7)) 

= 2X1 ($i(0) o X2 ($2(?7)) = ^3 (*i(0*2(??)) . 

It gives 

'i'i(0'i>2(r/) = $3 (?^), (55) 

for ^ eK', C,V^ Ca. 

Denote by Ca^, i = 1, 2, 3 the domains for the operators i — 1,2,3. ThenT£;jP^(Ca) 
~ Ca2 ® Ca3. 

The formula (|55|l and the proposition pimply 

Proposition 3. Operators $1 and $2 «re respectively left and right spinor representations 
of the group Spin(8) ~ K' and the composition t o $3 o /, is the vector representation of 
Spin(8). 

The group Spin(8) is the universal (double) covering of the group SO (8) and their Lie 
algebras spin(8) and so(8) are isomorphic. 

Now consider representations of the Lie algebra t' of the group K' in Ca^, i — 1,2, 3. 
All these representations are faithful. For A £ t' denote by ^^'^ the corresponding skew 
symmetric operator in Ca^, i — 1,2,3. From H55|l we obtain the following infinitesimal 
analog of the triality principle: 

A^^HO-V + (-A^^Hv)=A^^^- (56) 

From (Uni) and (jSUl) we obtain that if A^^) = Li (respectively A^^^ = L^j) then A^^) = 
Ri, A^^^ = ioViO L (respectively A^^) = Ri^j, A^^'^ = l o V^j o l). 

Let us identify the algebra t' with its vector representation in Cas, in particular we put 
A = for A <E t' . By >c denote the inclusion J' into the Lie algebra corresponding to 
the group £4. 

By the definition, the Lie algebra to of the group Kq C K' consists of the skew 
symmetric operators in Ca3, transforming 1 e Ca3 into 0. The group Kq is isomorphic 
to Spin(7), acting in Cai by the left spinor representation, in Ca2 by the right spinor 
representation (equivalent for Spin(7) to the left one, see below), and in Cag by the 
vector representation, which are restrictions of analogous representations of K' ~ Spin (8). 

Let m be the space of 3 x 3 skew-Hcrmitian matrices with octonion entries and the 
zero trace. Let 

/000\ /00-^\ / ^ \ 

YiiO={ e \ ,Y,{0=[ ,11,(0= -e L^eCa 

V y \^ J \ J 
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be elements from m and the linear subspace mo C m consists of elements of the form 

3 

1=1 

From TTI (lecture 16) we can extract the following proposition: 

Proposition 4. For Y (z m the linear operator a,dY : t)^{Ca) i-^ f)3(Ca), acting according 
to the formula adY{X) = YX — XY, X £ f)3(Ca) is the differentiation of the algebra 
f)3(Ca). Thus the space m is contained in f4. There is the expansion into the direct sum 
of linear spaces 

f4 ~ t' ® mo 
with the following commutator relations 

M,ady,(0] = ady,(A«e), 1,2,3 (57) 

[ady,(0, adr,(r?)] = | ^ ^ (58) 

^ \adr.+2(-C^), «/j=* + l, ^ ^ 

where A = A^^^^ S S,,rj € Ca, operators A^*-* are from ^56)) . f/ie indices in the last equation 
are considered modulo 3 and skew-Hermitian operators C^^^^,, : Cas i— > Coa, z = 1,2,3 are 
given by the following formulas: 

^2,^,^ :C^^-CC-C-^C, CeCa (59) 
C3,«,, :C^4(e,C)'?-4(?7,C)e 

The action of operators >cCi^^^ri on the spaces Coi and Ca2 is obtained from H59|l by 
the cyclic permutation of indices: 

^c^^Uca.-C^n-iQ-i-vQ, (60) 

^C2,C,„|ca. ^4(^,0^-4(77, C)C, 

Note that in JJj (lecture 16) analogs of formulae (|55|l . (|57|l and the last formula (|52(l 
contain errors. 

11 Generators of algebras Diff (p2(Ca)§) and Diff (H2(Ca)§) 

Now we are to specify the construction from section 01 for the space M — P^(Ca)s. 

11.1 The special base in a © Pa © © p2A © h\ 

It is easily seen that 

[yi(0,i?i] -0, [1-2(0,^1] =^2(0, [r3(0,i?i] = -^3(0,eeca, 
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so we can identify the space TE^P^(Ca) with the space {i^2(0 + ^3('7)l ^ £ Ca} C mo- 
From (|57|l we obtain that the expansion 

{^2(0 + Y^irj)\^,7^e Ca} = {Y,{0\^ eR}® {^2(^)1 ^ e Ca} © {^3(01 ^ € Ca'} 

is Adifp-invariant and by the comparison with sections and 0] we can put: 

a {1-3(01 e e M} , Pa {>'2(0I C e Ca} , P2A {YsiOl C e Ca'} . 

Let y = {Ei,^X3{l)) e P^(Ca)s, where 5X3(1) € Se^- We have TyP'^{Ca)s = 
TE,p2(Ca)©Ti^3(i)§E, and 

TiXsW^E, ^ {X2(e)K e Ca} © {^3(01 e e Ca'} . 

Since adYi(0 (^3(1)) = -^2(0,^ e Ca, the space {X2(0ICeCa} c Tix,(^i-)Se^ is 
identified with the space {^1(01 C S Ca} C mo- Since dimjj {yi(OI C £ Ca} = 8 = dim^pA 
we are to denote ?a {^1(01 C G Ca}. Thus mo = a © pA © p2A © 6a- 

Denote by Aij ^ i' , i ^ j the generators of the rotation in the 2-dimensional plane, 
containing elements ei,ej G Ca3, such that AijCj — e^, AijCi — —Cj. The operators 
Aij, 1 ^ i < j ^ 7 are the base of the algebra to- Similar to the quaternion case the 
subspace q of the algebra 6' with the base Aoa Aa, a — 1, . . . ,7 is Adi<-„ -invariant 
and is identified through the /Co-action on Tj,P^(Ca)s with the space {X3(0| C G Ca'} C 
Tix^(^i)E>Ei- Therefore we define t2A := q- 

Lemma 1. It holds 

.(1) _ r 4(2) _ n aW - T ^ A^^^-Ra 
C3,e„,e^ = 4A/3,a, C3^eo,e„ = -4^^, a, /3 = 1, . . . , 7, ^ /3 

Proof. From (|56l) we have 

Let = La, then A'^) = i?„ and ^(^^efc) = ^{eaCk + CkCa) = (efcCa + CaCfc). 

If 1 ^ fc 7^ a, then e^ea — —EaCk and y4(^'(efe) — 0. Therefore A'^'^^ = Aa, since 

^ „e„, A(3)(e^) = 1. This proves Ai^^ = A^'^ = Ra- 

Let now A'-^^ — Lp^a, then A^^^ = Rp.a and ^^"^^(efe) = ^(e^g • CaCfc + • Cae^) = 
^ (cfeea • 6/3 + epCa ' 6^;). It is easy to verify by direct computation that if a = l,/3 = 2 
then A(3)(efc) = 0, for fc ^ 1,2 and A^-^^ei) = -62, ^^^^62) = ei. Thus = A12. 

Therefore Lp ^ = Aap for any other pair of 601,6/3, since the group G2 of automorphisms 
of Ca acts transitively on any pair of imaginary units jl7) (lecture 15). This proves 
4(1) - T ^ 4(2) _ u„ 

The last two equalities of this lemma are obvious. □ 
Let summarize these reasoning in the following proposition: 
Proposition 5. Let 

A := i ad 1-3(61), e2A,a := iady3(eQ), /2A,a := }<Aa, 
e\,i ■■= -iadr2(ei), f\,i ^adYi(ei), Aa/i := xAap, 
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where latin indices vary from to 7 and greek ones (except X) vary from 1 to 7. We have 
the following commutator relations: 

[A, e2A,a] = -/2A,a, [A, /2A.a] = e2A,a, [A, CA.i] = -^f\,i, [A, /a^i] = ^Ga^i, [A, = 0, 

[e2A,a, e2A,/3] =^/3q, [e2 A,a , /2A,/3] = — (^q/jA, [/2A,q , /2A,/3] =^/3a, [e2A,a,eAj-] = -f\,e^ej, 

[e2\,a: fxj] — ~^\,eaeji [/2 A,a ; ^^A,j] ^^A.eaeji [/2A,ai/Aj] ~^f\,ea&ji 

\e\.i,ex.j\ = ^>cC2.Si,ej = ^/2A,eigj + ^xC2,i,j , i J^j, 

[fx,i,fx.j] = -^xCi.e^^ej = -^-^^A.e.gj + ->fC'i,ij, i ^ j, 



where we denote fx^e^e, f\,i if SaCj = Ci and f\,e^ej -fxA if e^e-j = -e^. Analogous 
notation we use for e\^i, e2\,-y, /2A,7- Here operators Ci,ij, I — l,2,i ^ j are in to and act 
as: 

Ci,ij(ei;) = CkCi -Cj, efc ^ l,±eiej, Ci^ij{ek) = 0, = l,±eiej, 
C2A,jiek) = Cj ■ e.Ck, Ck ^ l,±eiej, C2,i,j{ek) = 0, = l,±ejej. 

The chosen bases A, eA,i, e2A,Q, fxA, f2X,a in spaces a, pA, p2A, 6a, t2X correspond to proposi- 
tion^ 

Proof. The commutator relations are easy consequences of (|57II . (I58| ). lemmanand relations 
in the algebra t' ~ so(8). For example, let us calculate the commutator [/2A,Q,eAj]- 
Actually, from H57() and lemma^we obtain: 



[/2A,a, caj] - - 



kAc, i adF2(ej ) 



^iady2(Ai2)e,) =-iady2(i?ae,) 



= ad 12 {ejCa) = ^ ad 1^2 (ejCa) = -^eA,e„ej- 

Similar calculations are also valid for [f2X.a, fxj]- 

Now, let us calculate [eA,i, e\,j], i ^ j- From lf55|l we obtain: 

[eA,j,eAj] = ^ [ady2(ei),adF2(ej)] = ^><C'2,g,,ej , i ^ j. 
From (|17|l and ifS^ we obtain 



In particular, 



1 _ 1 _ _ 2 

2C'2,ei,ej (1) = -CiCj, -6*2,6; ,ej (e^Cj ) = " (fii • 6^) = 1, 

^° 1 . . 

2^C'2,e,,ej = xAe^Sj + xC2.ij = f2X,e^e, + xC2,ij, 

where C2,i j- G ?o and 

C2,.ij(efe) = Cj ■ e.Ck, Ck ^ l,±eiej, C2,i,j{eiej) = C2,ij(l) = 0. 
The similar calculations are also valid for [fx,ii fx,j\- □ 
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11.2 Invariants in S{a ®px®tx® p2x © hx) 

Invariant operators Dq, . . . , Dq, corresponding to some i^o-invariants in S'(a ® pA © ® 
p2A ®i2\) are already constructed in sectional Here we shall construct other independent 
invariants of i^o-action on S'(o©pA©6A©t'2A®62A) or equivalently from 5'(pA©tA©p2A©^2A), 
since a is an invariant one dimensional space, and corresponding invariant differential 
operators. 

An element $ £ K' is from Ko C K' iff $3(1) = 1 and then $3(^) = ^ for any 
^ G M C Ctta. Below in this sections $ G Kq. The orthogonality of $i means that 

Re [MO'^) = Re(^^), 77 e Ca,. (61) 
In particular, ^liO^iiO = ICI^ and 

m)^=m)/\e- 

For 7; = f from ^ we obtain $i(^)$2(0 = ^sIlCF) = ICP, so from ^ $i(^) = 
|^|2$2(^^)-i ^i^and 

$1 = I o $2 o i. (63) 
Let Qi{^,T]) = Re{^ri), ^ 6 Cai,?? G Ca2. From ^ and (jHSI) we get: 

Qi(<i>i(0,<i>2(ry)) = Re($i(0'i>2(ry)) = Re(a>i(0l7M) = Re(^^) = Qi(C,ry). 

Thus, (3i(^,?7) is invariant under the i^o-action. 

From proposition El it follows that <i>i = g^,^2 — g^,^3 — l o o i = g^, where 
g^^g^Tg^ are respectively left spinor, right spinor and vector representation of the group 
Kq ~ Spin(7), since t |ca^ = — id. Besides, the ii'o-action on Im(^?7), ^ G Cai,?? G Ca2 
equals 5^, so Q2{£,, C) ■= (Im(^ry)C) is invariant under ii'o-action for C, G Cag. 

According to section0]the Xo-action on pA is equivalent to the iCo-action on ^a and the 
i^o-action on p2A is equivalent to the /Co-action on t2A- These equivalence is establishes 
by the correspondence of bases eA,i <-> fx.i and e2A,a ^ f2\.a- It is also confirmed by the 
formulas [^2(0:^1] = ^2(0, adyi(0 (^3(1)) = -^2(C), C e Ca and (ESJ. Therefore the 
analog of Im(^77), ^ G Cai, 77 G Ca2 in S'(pA © € a © p2A © *2a) O Ca is 

^/A.iCA.e, 'S>e.iej. 

Thus, after the identification p2A — Cag the invariant Q2 gives the invariant from 
^(pA © Ea © P2A © «2a) 

^ /A,ieA,gj e2A,eiej ~ ^ /A/jGA je2A,eiej • 

Therefore we can define the invariant differential operator: 

^7 = -'^^{{f\.i,ex.j} ,e2X.,e,S,} = ^^{{fx.j,exA} ,e2X,e,e,} ■ 

Similarly, the identification t2A — gives the invariant differential operator: 

= {{/A,j,eA,j},/2A,e.e, } = ^ ^ { {/a j , CA.i } , /2 A,e,ej } • 
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It is clear that the equation H55|l remains vahd after the cychc permutation of indices 
1,2,3: 

*3(C)*i(e) = *2(C?), *2(7?)$3(C) = *i(^), e e Cai,?7 e Ca2,C e Ca^. (64) 

Define 

^(e, ^, Ci, C2) := Re(Cie ■ VC2), Ci, C2 e Ca?,. 

The function P{£,,ri, (1,(2) is invariant w.r.t. the i^o-action, since due to (|64|l . Ht)3|) and 
El: 

P ($1(0, <I'2(77), $3(Cl), 1>3(C2)) = Re (1>3(Cl)1>l(0 • <f 2 (r;)<I'3(C2)) 

= Re(l>2 (Oe) *i =Re($i(CiOl>i (^)) =Re(Cie-^) = P(^, 77, Ci, C2). 

Functions P{£,,V:CiX2) and P{^, 11X27(1) are not independent. Indeed, the coroUary 
15.12 in [m gives: 

Re(a6 • c) = Re(6c ■ a) = Re(ca • b) = Re(a ■ be) = Re(5 ■ ca) = Re(c • ab), a,b,c & Ca. 
Therefore using the Moufang identity H46|l we obtain: 

P(e, V, C, = Re(C XvC) = Re(C' Xv) = - MlCl'Cv) = -ICP M^v) = -|CI'Qi(e, 

(65) 

which means that for Ci = (^2 = C invariant P(Cj d C) is expressed through invariants of 
the second order. Using the polarization of H65|l w.r.t. which means the substitution 
C = Ci + C2, we get: 

Pit V, Ci, C2) + P{L V. C2X1) = -2(Ci, C2)gi(e, v)- 

It means the dependence of two invariants P(Cj '/i Cii C2), ^'(d C2, Ci) and invariants 
'9i(C:'y)i (Ci5C2) of the second order. The last two invariants correspond to operators 
and Dq. 

For constructing the invariant differential operator Dg we shall use the invariant func- 
tion 

^(C,^,Ci,C2) 77, C2, Ca- 
using e\,ek <8) e/c as the analog of 77 we get the corresponding expression from S{p\ © 
Sa ©P2A ©t2A): 

^ ^ (/'2A,ej yAjZ^AjC/s ^2A,e;^ Cj e2X,ejei fx^ex^Ck f2X^ekej^ 
= (e2A, CiCj /a, ieA,fc/2A,efcej " f2\,eiejfx,ie\.ke2\.,ekej) , 

since for i ^ j it holds CjCi = —eji-i = —eiCj. 

Define the corresponding invariant differential operator as 

-Dg = g ^ ({{e2A,e.ej, /a.j} , { /2A,efcgj , Ba,*; } } ^ { {e2A,eiej , eA,j} , { /2A,efc gj , /a.S: } } ) ■ 

j^k 

Let us show that there are exactly 9 independent i^o-invariants in S'(pAffltA®p2Affl^2A)- 
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Indeed, diin{px ® t\ ® p2X ® t2\) = 8 + 8 + 7+7 = 30 and dimXo = dimSpin(7) = 21. 
Therefore the codimension of i^o-orbits in pA ® ® p2A ® ?2A is at least 30 — 21 = 9 and 
there should be at least 9 independent fCo-invariants in S{p\ (Bi\(B p2\ (Bh\)- 

From another hand, it is obvious that the stationary subgroup, corresponding to a point 
in a general position, of the group Spin(7), acting in p2A ffi t2A by © , is Spin(5). 
Therefore the dimension of general Spin(7)-orbits in p2x(Bh\ is dim Spin(7)— dim Spin(5) = 
11. The group Spin(5) is isomorphic to J7h(2), see Proposition 5.1. In the section 
l^lthe six independent invariants of the diagonal J7H(2)-action in © ~ pA © 6a were 
found, so general orbits of the last action are 10-dimensional, since dimR(IHI^©]HI^) — 6 = 10. 
Thus, general Spin(7)-orbits in pA © © p2A © i2\ are 11 + 10 = 21-dimensional, their 
codimension is 9 and there are exactly 9 functionally independent invariants of Spin(7)- 
action in Pa © ?a © p2A © 62A- 

It is not known if there are any other invariants of this action, which are polynomial 
in eA,i, f\i, e2A,a, /2A,a and are not polynomial in Di, . . . , Dg. Such invariants should be 
connected with Di, . . . , Dg by algebraic equation of a degree more than one. In the case 
of P"(EI)s, 71 ^ 3 there is such invariant Diq and Dig is polynomial in Di, . . . , Dg. The 
operator Diq arises in commutative relations of Di, . . . , Dg. 

In the next section it is found that all commutators of operators Di, . . . , Dg in the 
octonionic case are polynomial in Di, . . . , Dg. Therefore it seems probable that there is 
no an analog of Diq in the octonionic case. 

It is easily verified that automorphisms Cq, f acts on Dy, Dg, Dg as 

CaiDj) = cos{a)Dr - sm{a)Ds, CaiDs) = sm{a)D7 + cos(a)i:'8, Ca{Dg) = Dg, 
a{Dr) = Dr, <j{Ds) = -Ds,<j{Dg) = Dg. 

Similarly to the previous sections, in order to get the generators of the algebra 
Diff (H^(Ca)s) one can use Remark^and make the formal substitution: 

A iA, e\,i ie\,i, f\,i f\^i, e2\.a ieA,Q, /a,q — > f\,a- 

This substitution produces the following substitution for the generators Dg, . . . , Diq: 

Dq ^ iDq, Di ^ D2 ^ D2, D^ ^ i^s, D4 ^ -D4, D5 ^ ^5, 

Dq ^ iDe, Dr ^ -D7, Ds ^ i^g, Dg ^ -Dg. (66) 

The operators Dq, . . . , Dg generate the algebra Diff (H^(Ca)s). 

12 Relations in algebras Diff (P\Ca)s) and Diff (H2(Ca)§) 

Below there are all 45 commutative relations of operators Dq, . . . , Dg. An example of 
a calculation of such relation is in appendix A. All methods described in section [3 for 
calculating commutative relations were used in this case. Besides, the numeration the 
base elements ex,i, f\,i, e2A,a, fx, a by octonionic units e^, i = 0, . . . , 7 is very convenient. 

[Do,Di] = -Ds, [Dq,D2]=D3, [Dq,D3] = i(Z?i -i?2), [^0,^4] = -2Dg, 
[Dq, D5] = 2Dq, [Dq, Dq] = Di - D5, [Dq, Dj] = -Ds, [Dq, Ds] = Dr, [Do,Dg] = 0, 
[^1,^2] = -{Dq, D3} - 2D7, [Di,D3] = -^{^0, Di} + Ds + IODq, [Di,D4] = 27^7, 
[D,,D5] = 0, [Di,Dq] = Ds, [D,,Dr] = ^{D,,D2 - D4} - Dg - ^{D^, D^} - Dj - bDl 
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- ^Di - -^D2 + -Di - -D5, [D,,Ds] = --{D;, D,} - -{D,,De} + lOD^ 

+ ^D,, [D^,D,] = i{i?5, Dj} - l{D,,Ds} - ^{Do, D,} - ^Dj, 

[D2,D3] = ^{Do, D2} + Ds- lODo, [D2, D4] = -2Dj, [D2, D5] = 0, [D2, Df,] = -Ds, 

11 3 283 19 

[7^2, ^7] = -^{D2, D, - Di} + D,- -{D3, De} + DI + 50^ + -D2 + —D, - -D, 

1 1 189 169 

[D2, Dr>\ = --{D5, Dr} + -{De,Ds} + —{Do, D3} + —Dr, [D3, D4] - 0, 

2 2 62 Id 

[D3, D5] = 2Ds, [D3, De] = Dr, [D3, Dj] = ^^{D^ + D2, De} + IODq, 

[D3, Ds] = 1{D,,D2} ~ + D2, D5} -Ds- Dl - bDl - + D2) - ^Di 

19 1 1 189 169 

+ -^D^, [i?3, ^9] = ^{Di, Ds) - -{De,D,} + -^{Do, D, - D2} - -^Ds, 
2 2 2 64 16 

35 1 

[Di, D5] = -2{Do, De}, [D^, De] = -{Do, D4} + —Do, [D^, Dj] = -{Di - D2, D^} 

35 1 
+ —{D2- Dl), [Di, Ds] = -{Dl - D2, De} - {Do, D^], 

35 

[Di, Ds] = -%{Do, De], [D^,De] - {Do, D^] - —Do, [A, ^7] = {^3, De} + {i^o, D^}, 

35 1 
[D^,Ds] = {I?3, ^5} - yi^3, [D5,Ds] = %{Do, De}, [De,Dr] = -{D^ - D2, De} 

+ ^{^3, Di} + ]^{Do, D^} - ^D^, [De, Ds] = \{Di - D2,D^} + i{i?3, De} 

- ^{Do, Ds} + y (i?2 - ^1), [^6, Do] = ^-{Do,Di - D^}, 

[Dr, Ds] = -^{^0, {Di,D2}} + ^{Do, Dl} + ^{Do, Dg} + ^{D^ - D2,Ds} + ^{Do, D5} 

283 175 1 1 

+ -^{^0, Dl + D2} - —Do - -{Ds, Dj} + 5I?g + -{Do, D^}, 

[Dj, Dg] = ^{{Do, Dj}, De} + ^{D2 - Di, {D^, D,}} - ^{{Do, D^}, Ds} + ^{Di - D2, D 

1 2'5 185 17 

- -{Do, Ds} + -{D,, De} + — - D2,Di} + -{Di - D2, D^} 

+ ^^y^(^2-Z?i), [Ds,DQ] = -^{{Do,De},Ds}-^{D3,{D^,D5}} 
+ \{{Do, Dj}, D,} + i{i?3, Dl} + ^{D,, D,} + ^{Di - D2,De} 
+ ^{D„D,} + l{Do,Dj}-^^D,. 

Using these relations it is not difficult to verify that the operator D* — D^+Di +D2 + 
D4 + D5 lies in the centre of the algebra Diff(P"(H)s) in accordance with the section^ 

Using substitution H66|l one can obtains from relations above the commutative relations 
for the algebra Diff (H2(Ca)s). 
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13 Connection of algebras Diff(M§) with the two-body 
problem 

In the paper |S] there was found an expression of the quantum two-body Hamiltonian 
with a central potential V{p) on an arbitrary two-point homogeneous space M through 
radial differential operators and generators of an isometry group. Using the notation of 
the present paper we can write these expressions in the following way: 

6 

H^L2 + {Li,Do} + aoDl + ^ a,A + V{p), 
for M = P"(H) and M p2(Ca); 

3 

H = L2 + {Li,Da} + aoDl + ^ a,A + a^Dl + a^Dl + a^iDi, D^} + V{p), 

i=l 

for M = P"(C); 

3 

H = L2 + {Li,D„} + aaDl + ^ a,A + V{p), 

1=1 

for M = P"(R), S", n ^ 3 and 

H = L2 + {Li, i?o} + ao^o + "i^? + ^2^2 + ^aslA, ^^2} + V[p), 
for M = P2(R), S2. 

Here p is the distance between particles, Li, ? — 1,2 is some ordinary differential 
operator of the j-th order w.r.t. p, oq = const, a^, i = 1, . . . , 6 are some functions of p and 
masses of particles. The analogous expressions for noncompact spaces can be obtained by 
substitutions Di Di from above. 

The main difference of these expressions from Euclidean case is the presence of noncom- 
mutative operators with coefficients depending on p. This difference makes the two-body 
problem on M quite difficult. However, every common eigenfunction of generators Di 
gives an isolated ordinary differential equation for a radial part of an eigenfunction for H. 
Using this approach some exact spectral series for two-body problem on S" were found 
for several potentials in '15'. For other two-point compact homogeneous spaces similar 
calculations should be more difficult. 

A Calculation of some commutative relations 

In this appendix we shall illustrate the main ideas of calculating some commutative re- 
lations. Let start from commutative relations (|24|1 from section |3 We shall obtain some 
relations requiring the minimal calculations. 

Let operators Dq, . . . , Diq are defined as in sectional First let us consider the com- 
mutator [Di, D4]. It is not difficult to verify the following equalities for elements A, B, C 
of an arbitrary associative algebra: 

[A, {B, C}] - {[A, B],C} + {B, [A, C]}, (67) 



{{A, B}, C} - {A, {B, C}} = [B, [A, C]], 



(68) 
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{{A, B}, C} = 2{B, C}A + {[A, B],C} + {[A, C],B} + [B, [A, C]]. (69) 
In particular, when C ^ B, from H67(l we have [A, B^] = {[A, B], B}. This implies: 

[Di,Di] = {[Di, T12], T12} + 1^12], 1^12} + {[Di,Qi2l 612}. 

Using (jEJ and ^ again, we obtain 

Thus 

[Z?i, i?4] = {Qi, T12} + {02, 012} + {03, 612} = 2D7. (70) 

Using the permutation of coordinates zi and Z2 (or equivalently the automorphism 
cr o ^TT, see sectional), we obtain from (|7n)l : 

[i^2,i?4] = -2i?7. 
Suppose now we already know the expressions for commutators 

[Do,Di], [Do,D3], [Do,D,], [Z?i,i?2], [Di,Di], [D^,D^], [Di,De], [Di,Dj], 
[Di,Ds], [D2,De], [i^3,^4], [i^3,i?6], [04,05], [D^^Dq], [D^, Ds]. 

Then from the Jacobi identity and (|H7jl we have 

= [Dl, [Ds, D4]] + [D4, [Di,Ds]] + [Ds, [D4, Dl]] = [D^, ^{i?2 - ^1,^56} + {Do, D^}] 
+ [D4, n{n - l)De - ^{D^, D5} + ^D^ - ^{D,,De}] - 2[Ds,Dr] 
^^{[D,,D2],De}-^{D,-D2,[Di,De]} + {[Di,Do],Dr} + {Do,[D,,Dr]} 
+ nin - 1)[D4, De] - ^{[D^, D3], i^s} - ^{^^3, [D4, D5]} + ^[D^, D^] - ^{D^, [D4, De]} 

- ^{[D4, Di],De} - 2[Ds, Dj] = -^{{D^, D„}, D^} - {D4, D^} + i{Z?2 - A, ^s} 

+ {D3, Dj} + {D„, nin - 1)I?4 - ^{D^, D^} - ^^4} + ^(^i - D2) + Dq + Di„} 

- n[n - l){Da,D4} + ^n{n - l)Da + {D3, {De, Dq}} + ^{Di,{Do, D4}} - ^{Di,Dn} 
+ {Dy, De} - 2[Ds, Dj] = ^{D2 - Di,Ds} + {D^, Dj} + '^{Do, Di - D2} 

+ {Do, Dq + Dio} + ^n{n - l)Do - '^{D^, D^} - 2[Ds, Dj]. 

In the last equality we took into account the formulas 
{{De, Do}, D3} - {De, {Do, D3}} + {{Do, De}, D3} - {Do, {De, D3}} = [Do, [De, D3]] 
+ [De, [Do, D3]] - -[Do,Dy] - ^[De, D2 - D{\ = Dg + ^{-Ds - Ds) = 0, 
{{7^0, D4}, D,} - {Do, {D4, Dl}} = [D4, [Do, Dl]] = [D4, D^] = 0, 

which are consequences of (I68II . 
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Thus we get: 

[Dj, Ds] = ]{Di - D2, Ds} - Ud3,Dj} + ^{Do, Di + D2] - Udo, Dg + Di„} 
4 2 Id z 

3 

- -n{n - l)Do. 

Now let us demonstrate the calculation modulo {U{Q)iQ)^° . Let Dq, . . . ,0^ are gener- 
ators of Diff(S|), n ^ 3, fl = 50{n + 1), 60 = so{n - 1), Kq = SO(n - 1). Then from ^ 
we obtain: 

n+l 



[DuDs] = -8j2 ({{*ifc,[^ife,^ii]},*2/} + {«'ii,{«'ifc,[«'ife,*2/]}}) 

k,l=3 
n+l 

= 4 ^ ({{^-ifc, ^-fei}, ^-2;} + 4i{*i/. {^ifc. ^12}}) 

n+l n+l 

= 4 ^{{«'fc,,4'ifc},«'2,} + 4^{«'u,{4'ifc,«'i2}}. (71) 



k,l=3 kj = 3 

k^l k^l 

n+l 

(- , 
2 ' 

k,l = 3 

(n-l)(n-2) (n-l)(n-2) 
^ / , -12 = ^ W12 = L>Q. 

k,l = 3 
k^l 



n+l 



From formula H69|l and commutative relations H12|l one obtains: 

n+l n+l 

ife], ^2/} + {[^fe/, ^2/], ^ife} 

= 3 fc,i = 3 

k^l 

n+l 111 

[^-ife, [^-fei, ^2z]]) = 51 (- + ;j{«'2fe, ^-ifc} + :^[-^ik, ■^2k]) mod (C/(0)eo)'^° 

-I n+l 

fc,i = 3 

Formula (|68|) gives: 

n+l 

^{^-U, {*ifc, *12}} = *lfc}, *12} - [*lfc, *12]]) = 2 <j ^ *i 

fe=3 fc=3 lfc=3 ) 

^ n+l ^ ^ n+l ^ ^ 

- 2 Et*!'^' = -^{^0, ^1} + 4 E = -^{Do, D,} - ^^0. 

k=3 k=3 

Finally, from H71|) we obtain: 

. n-1 (n-l)(n-2) , , (n-l)(n-3) 
[D,,D3] = -{Do, D,} - -^Do + ^ 'j ^-Do - -{Do, D^} + ^ ^-D^. 

Calculation of [Z^i, Z^a] for algebras Diff (P"(H)s) and Diff (P"(C)s) are analogous, but 
much longer. 

Let us demonstrate calculations in octonionic case by one example. Below indices 
i,j vary from to 7. Let Dq, . . . , Dg are generators of Diff (p2(Ca)s) , g — f^, to — 
spin(7), Kq = Spin(7). Then from l(H7jl and proposition |S1 we obtain: 

[-Di. ^3] = ^ E eAj], eA,i}, fx.j} + {ex,j, {ex.i, [ex^^, , /aj]}}) 



m 



35 



= ^^{{xC2,e,,e,,ex,t}J\j} - ^^{eA,i,{eA,i,A}} - {eAj,{eA,»,e2A,e.ej} ■ 

Formulas H69|l. (jSOJ, (|47|l and proposition El imply: 

^X!{'L^^2,e.,e,,eA,i},/Aj} = ^'^{'2{ex^i,fxj}KC2,e,,e, + { [><C2,g. , CA.i] , /a j } 
+ {{[xC2,e,.S,,f\,j],e\.i} + [e\,t, [xC2.s,,ej, f\.j]]) 



^ [eA^^adFi (>^C2,e,.e, |cai 

= 51 ("^{^d^2(ej),/Aj}- i{adri(ej),eA^J- i [ca,,, ad Yi (e^] 

+ 2 ({/aA.eigj, {eA,i, /aj}} - [/2A,e.ej , {eA,i, /aj}])^ 

= X! (^{eAJ,/A,j} - ^{/A,»,eA,»} - ^[eA,i,/A,i] j +^8 



+ /A,,}/2A,e,e-, ) mod {U{2)to)'''> 



J ({[/2A,eigj, eA,i],/Aj} + {eA,j, [/2A,e,gj , /a j] }) 



■Ds + ( li^Aj, /aj} + ■^A+ i{eA,e,g,.e,,/Aj} ~ ^ {cA.i , /A,e,g, } 



^8 +11 ( i^^^J'/^j} - ^{eA,e,e.e.,/A,,} " h,^}) + 7A = Z?8 + 7i^o 



Similarly, from H68|l and proposition El we get: 



i{i?o,^i}-^i?o. 



Also 



^ E {{'S2A,e.g,,eA,i},eAj} = E ({s2A,eigj, {eA,i,eAj}} + [eA,i, [e2A,e,gj , CAj]]) 



since e2A,eigj is antisymmetric and {eA,j,eAj} is symmetric w.r.t. 
Thus' 



[7^1, 7^3] = ^8 + (7 - ^ + ^)Do - ^{Do, Di} = Ds- ^{Dq, Di} + IODq. 



B 



In this appendix we will prove the following theorem: 
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Theorem 3. Let M be a two point G -homogeneous Riemannian space, where G is the 
identity component of the isometry group for M . For every smooth vector field v on M 
define a function fy on Mg by the following formula: 

fv{y) = g{v{x),£,) = {v{x),£,), 

where x € M, •) = (■, ■) is the Riemannian metric on M, ^ g T^M, {S,,0 — U — 
(x,^) G Mg. Let Do £ DifF(Ms) be the differential operator constructed in section^ 
(for the noncompact case, see Remark^. For every element X Q q we denote by X the 
corresponding Killing vector field on M . Then the condition Dgfy = on M§ is equivalent 
to the equality v = X for some X ^ q. In other words, the kernel of the operator Dq consist 
of functions f-^, where X runs over the algebra g. 

This theorem for the case M = H" (]R) was formulated and proved in 1^ by the exphcit 
coordinate calculations. Here we will prove it in the general case in a more conceptual 
way. 

Proof. Let K be the stationary subgroup corresponding to the point xq E M , cq ^ 
^A{xo) G TxgM, (eo,eo) — 1, where A and R are from Proposition 1. The space Mg 
is the G-orbit Gyo, where yo — {xo, cq) G Mg. 

The action of Dq on /„ can be written in the following way [2] (theorem 4.3): 



{Dofv)[gvt)) = ^ 



fv (gexp(iA)?/o) , g e G. 



t=o 



Therefore, 



{Dofv){gyo) = 37 



{v {g exp(tA)xo) , g exp(iA)eo) 



d_ 

dt 

d_ 

dt 

d_ 

di 



V {g exp(tA)g ^gxo) , g exp(tA) 



exp(/iA)a:o 



u(exp(t Adg K)gx(i) 
t;(exp(t Adg A)gra;o) 



d_ 
d/i 

d_ 



exp(i Adg A) exp(/i Adg A) gxo 



exp(/i Adg A) exp(t Adg A)gxo 



Due to the transitivity of G-action on Afg the point y :— {x, e) :— ygxo, Adg A 
be considered as arbitrary. Denote W — Adg A. Then 



can 



V (exp(W)a;) , W (exp(W)x) ) = £vvg{v{x), W{x)), 



where £x is the Lie derivative along the vector field X. The vector field W is Killing, so 
£wg = and 



Dofu = g{£wy, W) + g{v, £^W) = g{£^v, W) = -g{£yW, W) 
- i {£yg) {W, W) - ^£y (^g{W, W)) = ^ (£yg) (W, W), 



(72) 



due to giWix),Wix)) = gigAixo), gA{xo)) = 5(A(xo), A(2:o)) = R^ and £xY = [X,Y], 
where [A, y]c is the commutator of vector fields X and Y. The element W € T^M is 
arbitrary, therefore from H72(l we see that the condition Do/d = is equivalent to the 
equality £yg = 0, which means that z; is a Killing vector field and has the form v — X for 
some X £ Q a and only if Dofy = 0. □ 
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